







































































































Discrete Consensus Dynamic

ConsiderDAPdyn on directedgraph D
ICH L D xCH

we first pointout the
differencebetween discretization

versus

discrete sampling

Discretization

First let's just naively
discretize this dyn M stepsin a

forward Euler Xiang
Lhp thngejh.tthismatn

respectsthe connection

or x att fry patternsapy
This maygive us a discrete dynamic of

consensus

one has to be
careful about

the choice of thestepsize A

Mn Example consider PAPdyn on a directedcycleof

a nodes

ifnow lets discrete this dyn Y Dd a

Then x ttl E ALCD
MAY GG

Do you see whatdoes this discrete dynamic
do

So ingeneral D has to he chosen sufficiently small

and youcan Implement 2 in a distributedway








 Discrete sampling

This time lets just sample from
the continuous Dap dyn

in 8 time intervals i.e

I G L D XCH

samples 2 R x Sk for k o 1,2

Mm 2 Rtl X Scuti Es hd
D
no

becausestyling I e
sun e

s
x o 840 x su

2 kn É 2 k 2 o x o

Now thedyn of 214 is the true sampling of DAP and

we already know that under proper assumption 21k
span13

Tarmacking in D

hi But what is special about thematrix e
sum

that it canguarantee convergence to span 13

Proposition for all digraphs D
and sampling

intervals s o

e
810 is a stochastic matrix i.e elementwise

e
840 1 1 and é sup yo
row sumI nontmatrix



furthermore the right left
eigenvectors of é sup

are those of D associatedaf eigenvalues es it on

Note Don't confuse nonnegative matrices
with positivedefiniteones

It's just an unfortunate similarity
in theirnames

Prot esta 1 15 Dj 1 4 4052
1

Notice that I s large enough EIR
7 L D 52 70

Therefore LLP is a Metzler or essentially nonnegative matrix

lemma If C is metzler then

etc 7 o f t yo

this now also suggest how togeneralize
both AP DAPcontinuousdyn

suppose IH A XH s t

A is metzler and A 1 0

theremins qikitie.si
If D has a

rooted outbranching

then XH span 1



More observations

If D is
balanced or IL D o ITés I

e
shh hasalso column sum

I

és is a doubly
stochasticmatrix i.e

a nonnegativematrix
with rowand

Columsumzero

tagging stochastic matrix is a

of permutaitnmater

So if D is balanced
then

Z Rtl É z k
Lip Z k

in Tpermutation matrices

with six Earl

Every state of
nodes at anytime

in DAP

is a convex
combination of thevalues

ofallnodes

at the previous
instance

name

is Iff Eth



Lemme s o

e
s É

s directedpathfrom
a j i

Mitte e
sun e sm.es m um o

zero pattern in Ello and ed
ILD

are the same

chose a large enough say no myxfdinevill

Ly M 2 L D is a non negative matrix

I andI Lt o e IF ED

therefore for any positive integer
p

12 1
o e

t a directedpath of

tough p from i i ed

Finally eh EHI so

e4 o a a directedpath
from

j i c D



Corollary p has a rooted out branching ifadaby if

forays o at least one of the
columns of és is positive

Now suppose D is balanced and has a rooted out branching

let us consider the following Lyapunov
function

2 Mian Zi Min Zi

Note that ve z with equality ifandonly if ze
spank

consider anti e
84 21k

Recall that each state of 2 nel is a convex

combination of the ones in 21k

let

14
hethe stateofthe node

corresponding to the

positive column of e
sun

Zig my
R2 H ZICK MY Zi

M

ZFRtl EdiZi k Letter

ZIChi EyBititu Betel
k

25 hi 21 hi I 2 k I Xe there k CBel 2 La Bezel's



2 k 211k the Zeta 2 k Be Ich Zeck

so nulthequalityoff zigZech Zila

see the paperby Moreau for the generalization of DAP

dyn using the following dynamics

vendetta and VIN Maxi miami


