







































































































MMI the nap is L D x reaches average

consensus from every
initialcondition

if and only if D is named
andbalanced

Cartesian
product of undirected graphs g

az

denotedby G G 092

properties of Cartesian
products

Prime factorization
of graphs

Guy
connectedgraph has a

unique prime

factorization writ
Cartesian product

216,0Ge L G Em En 462
5

Kronecker productof matrices

next we try to understand the spectrum at L Gi Ga
w rut theones for 2 Gi 462

Imma assume
gain

d n eigenvalues ofLes

Mi Am eigenvalues ofLGa

associatedwith u gun eigenvectors of LG

Ms gum a a L G










































































































Kronecker

Theni u Ov is the eigenvector of

49,092
associated y the eigenvalue dim

for each isl n and jet m

MIIOG ai w Lea em u Ui En 4927 aids
Lea Ui uit Ui Ladki
Tini us Mj u Us
ai tu ai U

Them Factorization lemma for AP on G

suppose G G 06,8 05 and

I Lisi tilt Y xian I
far It i n

Then the AP on G i.e 114 2 G xo follows

XH NCH NIH and

Y initial
condition Alo xrco Anto










































































































Proof Note that

6 9,0620 oaniffagpoajji Joan

Therefore it suffices to show this for n 2 this

supp G G OG and recall

491 4910 Iet Enola 4 19

Now let for iz 1,2

tilt L Gi XiCt
with x o given

and define x t Exact x alt Then

I HEY I t Xlt x t tilt

LG x t a exit Ga X

LG xca feat India Legend

why 4G Ee xHI NH utca Act a

LG NH E

Qun Under whatconditiondoes xu converges

what is the rate of convergence










































































































m i woh
uld like to ask more

complicated questions that

requires different techniques e.g

whathappens in AP if the underlying graphG
or D is

changing during the
evolution of states

Me use Lyapunov techniques and its generalizations
to answer

these kindof questions

Lyapunov theory see Appendix 3 in meshahi103

Suppose I f x t Reagin s t 867 0

At we say origin is stable if
HE o F820 7 116111 8 INCHIIEE Vt o

we say origin
is asymptoticallystable As if

origin is stable and 3820 7 11411 88 HE o

we say origin is globally
asymptotically

stable GAS if

origin is As for arbitrary xco













Tim If there exist a Lyapunov

function V IR IR i.e

o 0

Vix yo withequalityoff x so

I Ady x2 o whenever x t to

Then theorigin is asymptotically stable In addition

if VIN w as Axl n the origin is GAS

Let's see if we can use this
for Ap

4G x define V xu YINXU 4211
41112

then V t vina XII t XEUGHH

Lal's P.s.pt ICH so

but it is not strictly co recallthat4971 0

Here Vin is Not a Lyapunov function

Instead we call it a weak Lyapunov function

Question what can we guarantee for a system at

a weak Lyapunov function
9



Them LaSalle's Invariance Principle

I f x t xD given fog o

V weak Lyapunov fume S.J
Vix n as 1141 D

M largest
invariant set

contained in xeR I x 0

Then
int Ina y11 o as too

gem

if G is
connected

Back to our AP dynamics

xEIR TCA o xer xtLeg x o span I

and as in so if xHespm 2 a n span 1

This by
LaSalle'sInvariance

Principle

H span I

whatabout the DAP dynamics

XE L D to define xen KX Nt

V Me xTCH x t
XIALED ÉH

notSmm

ByGertgurian
diskthem so

not strictly co a weak Lyapunovfund



If D is strongly connected then the largest invariant

set in

XGIR ICH O x I XTLCD LID T x o

is the null space of Lip which is span I why

By LaSalle's Env Prin x 2 spun 13

what if D is not strongly
connected yet contains a

rooted out branching redefine VG maxzi mines

Switched Agreement protocol

consider finitely many strongly
connected digraphs

switchedAP Di Dr

suppose I LCD x with iehi in

This is a switched linen system
and describedby

Differential inclusion Ichef 2 Di 418 iell its

Considering Vixen Ka xia meget

V t GE NCHLLD ta ioft oh



where each dynamic vanishes on

Fi or I XTILLP.ltLIDit x

But as each D is strongly
connected

Fi span 1 for every iell in

Me call VH here a common weak Lyapunov
function

for the switched agreement
protocol

A generalization of Lasalle's Env
principle

ThemA9 in meshahito

still implies that xu span 1

TMI suppose v is a common weakLyapunov
function

for the switched system

ICH Foes NH NCHES is on
E switching mechanism

let m he the largest invariantsetundermade i

thatis contained in

xer CLIFF x o

If Mi Mj and for all i jeS then X4 it as ten


