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Graphs

Graph: Vertices veY A/y @%@

Gg=0MW¢&) Edges ecé& e=(v,v") /

edge e is “incident” to vand v’ \@ ‘/ @

Undirected Graphs Directed Graphs
€= (U, v’) €= (U, ’U/) edge e from v to v’
Neighborhoods: set of “adjacent” nodes Neighborhoods: set of “adjacent” nodes
N, ={v' eV]e=(vv)e&)} Myt ={eV]|e=(v)e&} out-degree d™ = [N
degree of vertex  d, = | N, Nt ={eV]e=0v e} in-degree  dp"" = [N
Ny = NP UN™ degree d, = d' + d"

Automorphism of Graph

“Relabeling of nodes and edges
that maintains graph structure”
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Gg=V,¢) Edges ecé& e=(v,v) /

Incidence Matrix: D < RIVI*IE]

D ~J1 s ifeoutof v
-1 ; if e out of v [ out ]ue )]0 otherwise
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1 -1 -1 1 -1 0 0 o0 T Algebraically: multiply by permutation matrices
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New ¥ /
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Graph: Vertices ¢y € ) %/ 2
1
©O) 3

Gg=,¢) Edges eecf e=(v,v")
Incidence Matrix: D < RIVIxI€l V7\@ 44/
D — 711 31 31 g 31 (1) (1) (ﬂ
0 1 0 0 0o -1 0 -1
0 0 1 1 0 0o -1 0 . . .
0 0 0 10 0 0 1 Domain & Co-Domain Interpretation
Domain: =z c Rl .. massflowon edges

Examples ...fluid flow
...traffic flow

(-\—ru»SPGr"GJ';od nolworks | ceunaao'ha Houo)

...data flow
...current
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Examples ...fluid flow
...traffic flow
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cosorca S = Dy Stor G =
r=x+Cz

Specific Cyclic
Solution Flow
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Graph: Vertices ¢y € ) % 2
ec & e = (v,v) @ 1 f’)

Gg=V,¢) Edges
Incidence Matrix: D < RVI*€l V7\@ 44/
D:zl—ol—olg—ll(l)(l)g
0 1 0 0 0o -1 0 -1
0 0 1 1 0 0o -1 0 . . .
0 0 0 10 0 0 1 Domain & Co-Domain Interpretation
Domain: =z € R/¢l ..mass flow on edges Co-domain: S c RV ...source-sink on nodes
Non- Edae fl \ 1 1 0 0 o 1 0 1 07T
- ge flow - |= — |~
°°"ﬂs:‘:'v"ed S = D:L‘ vector S = ol — |1 -1 -1 0 -1 1 0 o0
0 o 1 0 0 0 -1 0 -1
0 0o 0 1 1 0 0 -1 0
$:£13—|—CZ 1 0o 0 0 -1 0 0 0 1
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Graph: Vertices vey
g = (V,g) Edges e c E € = (’U,U,)
Incidence Matrix: D < RIVI*IE]
D — 711 ,01 ,01 g ,11 ‘i) (1) 8“

0 1 0 0 0o -1 0 -1
0 0 1 1 0 0o -1 0 ) . )
crr st ot Domain & Co-Domain Interpretation

Domain: =z € R/®l .. .massflowon edges Co-domain: S c RV ...source-sink on nodes

Non-
conserved S — D :E Edge flow —
flow vector
r=x+Cz

Specific Cyclic
Solution Flow
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.D — 711 31 31 g 31 (1) (1) (ﬂ
0 1 0 0 0o -1 0 -1
0 0 1 1 0 0o -1 0 . . .
0 0 0 S0 0 01 Domain & Co-Domain Interpretation
Domain: =z € R/®l .. .massflowon edges Co-domain: S c RV ...source-sink on nodes

Non-
conserved — Edge flow | -1
flow S _ D L vector S — | o5
-0.3
—0.2

r=x4+Cz X

Specific Cyclic
Solution Flow
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Graph: Vertices ¢y &)/

/
G=¢) Edges ecé e = (v,v)
Incidence Matrix: D e RIVIxIl
D - 711 31 31 g 31 (1) (1) 8
0 1 0 0 0o -1 0 -1
0 0 1 1 0 0o -1 0 . ) )
0 00 o0 Domain & Co-Domain Interpretation
Domain: =z € R/®l .. .massflowon edges Co-domain: S c RV ...source-sink on nodes
Non- Minimum Norm Solution: » = DT(DDT)ts
conserved S — D €T Edge flow . . ( )
flow vector ... no component of x in nullspace, ie. no cycle flows

Moore Penrose Pseudoinverse

L =X —l_ C'Z ... gives the minimum norm/least squares solution
Specific Cyclic ... to be an exact solution S needs to be in range of D
Solution Flow (conservation of flow in & out of network)
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Gg=V¢ Edges eecf e = (v,v") @ 3 /
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-1 0 0 0
D = |1 -1 -1 0 jl (1) (1) 8
0 1 0 0 0o -1 0 -1
0 0 1 1 0 0o -1 0 . . .
0 00 L0 00 Domain & Co-Domain Interpretation
Domain: =z € RI/¢l .. mass flow on edges Co-domain: S cR!Yl ...source-sink on nodes
w € RVl ...value function on nodes
Non-
conserved S — Da’; Edge flow
flow vector

r=x+Cz

Specific Cyclic
Solution Flow
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-1 0 0 0 1 0 1 0
D = |1 -1 -1 0 -1 1 0 0
0o 1 0 0 0 -1 0 -1
000 1 1 0 0 -1 0 ) ) )
0 00 L0 00 Domain & Co-Domain Interpretation
Domain: =z € RI/¢l .. mass flow on edges Co-domain: S cR!Yl ...source-sink on nodes
w € RVl ...value function on nodes
Non- J Examples ...gravitational potential
conserved S — D €T Edge flow
flow vector . .Voltage
...cost-to-go

r=x+Cz

Specific Cyclic
Solution Flow



Incidence Matrix - Co-Domain

Graph: Vertices vey /’@%@
Gg=V¢ Edges eecf e = (v,v") @ 3 /
~ o /@

Incidence Matrix: D ¢ RIVIxI¢l
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0 00 L0 00 Domain & Co-Domain Interpretation
Domain: =z € RI/¢l .. mass flow on edges Co-domain: S cR!Yl ...source-sink on nodes
T € ng‘ ...tension/difference on edges w e R'Vl ...value function on nodes

Non- o \\o2 dh>
oot § = Dy mmier Wge o TD = 7T VT oe®
\ Value function Edge tension /
r=x + CZ VW\“L"S] [‘ o -\ \ - YU’"“"' -ty W_)-W‘\

- | o

Specific Cyclic
o —\ \

Solution Flow
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Graph: Vertices vey
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-1 0 0 0 1 0 1 0
D = |1 -1 -1 0 -1 1 0 0
0o 1 0 0 0 -1 0 -1
0 0 1 1 0 0 -1 0 . ) )
0 0 0 -0 00 Domain & Co-Domain Interpretation
Domain: =z € RI/¢l .. mass flow on edges Co-domain: S cR!Yl ...source-sink on nodes
T € ng‘ ...tension/difference on edges w e R'Vl ...value function on nodes
Non-
conserved S — Edge flow T T
flow - D L vector w D =T
Value function Edge tension

r=x+Cz

Specific Cyclic
Solution Flow

[’UJTD]Q =W; — Wy = Te
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0 00 L0 00 Domain & Co-Domain Interpretation
Domain: =z € RI/¢l .. mass flow on edges Co-domain: S cR!Yl ...source-sink on nodes
T € ng‘ ...tension/difference on edges w e R'Vl ...value function on nodes
Non-
conserved S — Edge flow T T
flow - Daj vector w D =T

Value function Edge tension
r=x+C=z

Specific Cyclic
Solution Flow

[wTD]e = W; — Wy = Te
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Domain: =z € RI/¢l .. mass flow on edges Co-domain: S cR!Yl ...source-sink on nodes
T € ng‘ ...tension/difference on edges w e R'Vl ...value function on nodes
Non-
conserved S — Edge flow T T
flow - D L vector w D =T
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Solution Flow

[wTD]e =wW; — Wy = Te
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Graph: Vertices vey
Gg=V¢) Edges ec&
Incidence Matrix: D < RIVIxI€l
1 0 0 0 1 0 1 0
D=1\ .2 0 -1 1 0 0
01 0 0 0 -1 0 -1
00 1 1 0 0 -1 0
0 0 0 -1 0 0 0 1
Domain: z cR¢l .. mass flow on edges
T € ng‘ ...tension/difference on edges
Non-
conserved S o D €T Edge flow
vector

flow

r=x+Cz

Specific Cyclic
Solution Flow

e = (v,v)

O @/
@A/

Domain & Co-Domain Interpretation

...source-sink on nodes
...value function on nodes

Co-domain: s <RI
w e RV

wl'D =711

Value function Edge tension

Constant shift

(’UJT —|— ]_T)D = TT (doesn’t change

tension)
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00 1 1 0 0 -1 0
0 0 0 -1 0 0 0 1
Domain: z cR¢l .. mass flow on edges
T € ng‘ ...tension/difference on edges
Non-
conserved S o D €T Edge flow
vector

flow
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Specific Cyclic
Solution Flow

e = (v,v)

@ /
@/@

Domain & Co-Domain Interpretation

...source-sink on nodes
...value function on nodes

Co-domain: s <RI
w e RV

wl'D =711

Value function Edge tension

Constant shift

(’UJT —|— ]_T)D = TT (doesn’t change

tension)
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Graph: Vertices vey @§
G = (V75) Edges e c g €= (Uv U,) @é /®
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0 1 0 0 0 -1 0 -1
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0 00 L0 00 Domain & Co-Domain Interpretation
Domain: =z € RI/¢l .. mass flow on edges Co-domain: S cR!Yl ...source-sink on nodes
T € ng‘ ...tension/difference on edges w e R'Vl ...value function on nodes
Non-
conserved S — Edge flow T T
flow - Dx vector w D =T
Value function Edge tension
r=x+Cxz N
tant shift
T T T onst
Specific Cyclic (w + 1 )D =T (doesn’t change
tension)

Solution Flow
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Domain & Co-Domain Interpretation
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...value function on nodes
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Value function Edge tension
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A=A A, cols...
| |
o
= : rows...
- an -
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Review: Shape Matrices
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(AAT)Y/2 “Shape” of rows

Vz*z

z = |z|ei¢
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Graph: Vertices vey
Gg=0MW¢&) Edges ec&
Incidence Matrix: D < RIVIxI€l
-1
D= 1 701 31 8 jl (1) (1) 8
0 1 0 0 0o -1 0 -1
0 0 1 1 0 0o -1 0
0 0 0 -1 0 0 0 1
General Matrix A € RmMxn
| |
A=A A, cols...
| |
o
= : rows...
- an -

e = (v,0")

(ATA)1/2

Analogy:

Polar
Decomposition

\@/@

Review: Shape Matrices

“Shape” of columns

2eC 2] = Vz*2

A = A(ATA)—l/Q . (ATA)l/Q

Rotation PSD “shape"

/

(AAT)Y/2 “Shape” of rows

z = |z|ei¢

“Column
version”
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Graph: Vertices vey /y @%@
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Incidence Matrix: D e RIVI*I€l \@ 4/ @

__ |1t 0 0 0 1 0 1 0 . .
D= L Review: Shape Matrices
0 0 1 1 o 0 -1 0
0 00 o0 (AT A)Y/2  «Shape” of columns  (AAT)1/2 “Shape” of rows
General Matrix A € R™*" Analogy: 2eC 12| = V2*z z = |z|e™
[ | )
A=A - A, cols... Polar A — A(ATA)—l/Q ) (ATA)l/Q CoIt_JmD
| | Decomposition _ ) ) version
- Rotation PSD “shape
= : rows... PSD “shape” Rotation version
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Incidence Matrix: D e RIVI*I€l \@ 4/ @

__ |1t 0 0 0 1 0 1 0 . .
D= L Review: Shape Matrices
0 0 1 1 o 0 -1 0
0 00 o0 (AT A)Y/2  «Shape” of columns  (AAT)1/2 “Shape” of rows
General Matrix A € R™*" Analogy: 2eC 12| = V2*z z = |z|e™
[ | )
A=A, --- A,| cols... Polar A — A(ATA)—l/Q . (ATA)l/Q Column
| | Decomposition _ ) ) version
- Rotation PSD “shape
= : rows... PSD “shape” Rotation version

Checking - -
rotation... (ATA)T12ATA(AT A2 =
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Incidence Matrix: D < RIVIxI€l
D= 711 701 31 8 jl (1) (1) 8
0 1 0 0 0o -1 0 -1
0 0 1 1 0 0o -1 0
0 0 0 -1 0 0 0 1
General Matrix A € RmMxn
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= : rows...
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Review: Sym/PSD Matrices

(AT A)1/2  “Shape” of columns  (AAT)1/2 “Shape” of rows
EVD of (ATA)I/Q —Vv |:E O] vT (AAT)l/Q —U |:E 0] UT
Shapes 0 0 0 0
Null , _ Null 7 Null 47 _ Null T
Nullspace spaceA " space ATA space AT = space 44
Rank rank(A) = rank(AT) = rank(AT A) = rank(AAT)
Symmetric matrix S e R X has orthonormal eigenvectors

Positive T ) .
semi-definite x Sw >0 Vo < Ai 20 Ai € elg(S)
§=0 ATA, AAT, (ATA)V2, (AAT)V2 )l PSD
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Graph: Vertices vey A/y @%@
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Incidence Matrix: D e RIVI*I€l \@ 4/ @
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P T Review: Shape Matrices
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General Matrix A € RmMxn EVDof (4742 _y [E 0] VT (AATY2 — {E 0] T
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| |
A=A - A, cols... Polar A= A(ATA)—l/Q . (ATA)l/Q “Colt_JmD
- | ’ Decomposition Rotation PSD “shape" version
[~ of - A= (AATYY/2 . (AAT)"1/24 “Row
= : Fows... PSD “shape" Rotation version
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Gg=0MW¢&) Edges ec&
Incidence Matrix: D < RIVIxI€l
-1
D= 1 701 31 8 jl (1) (1) 8
0 1 0 0 0o -1 0 -1
0 0 1 1 0 0o -1 0
0 0 0 -1 0 0 0 1
General Matrix A € RmMxn
| |
A=A A, cols...
| |
o
= : rows...
- an -

e = (v,v) /
Review: Shape Matrices
(AT A)1/2  “Shape” of columns  (AAT)1/2 “Shape” of rows
EVDof (4T 4 1/2:V[E 0] VT (AAT 1/2:(]{E O] uT
Shapes (44) 0 0 ( ) 0 0
Polar — T 0 T “Col
Decomposition A uv:.-v [O } 14 ve:slijor?wg
Rotation PSD “shape"
— 0] T T “Row
A U [0 0} U ) UV version”

PSD “shape" Rotation
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Vertices

Graph: veEe)Y

Gg=V,¢) Edges ecé&
Incidence Matrix: D < RIVI*IE]
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D =

—

0
1 1
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—

0 1
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1
0
0
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1
0 0 0
0 0o 0 1
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A € R™*"

General Matrix
|

A=A A, cols...
|

= : rows...

e = (v,v")

O @/
@‘/

Review: Shape Matrices

(AT A)1/2  “Shape” of columns  (AAT)1/2 “Shape” of rows

> 0
EVD of AT A 1/2:‘/[E O] vT AAT 1/2:U[ ]UT
Shapes (44) 0 0 ( ) 0 0
Singular L > 0 T
Value A = U [0 0} 4

Decomposition
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—
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[
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General Matrix A e RMx"
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Review: Shape Matrices

e = (v,v)

(AT A)1/2  “Shape” of columns  (AAT)1/2 “Shape” of rows

Shapes 0 0 0 O
Singular L > 0 T
Value A = U [0 } V
Decomposition
— Ulv/ []|// E O - V/T -
| 0 ol|- v
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Graph: Vertices vey
Gg=W,¢) Edges ecé&

Incidence Matrix: D < RIVI*IE]

10 0 0
D = - 11 0

—

[
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1
0
0
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0
1 0
0
1

1
0
0
0
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1
0 0 0
0 0o 0 1
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General Matrix A e RMx"

[ |
A=14, --- A, cols...
| |
T
= : FrOwSs...
- an -

O @/
@‘/

Review: Shape Matrices

e = (v,v)

(AT A)1/2  “Shape” of columns  (AAT)1/2 “Shape” of rows

Shapes 0 0 0 O
Singular L > 0 T
Value A = U [0 } V
Decomposition
p— |/ |” E O _ V/T _
o of- vrr
| | for singular
vectors
U = AV/E_l V/T = Z_lU/TA w/ non-zero

values
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Incidence Matrix: D < RIVI*IE]
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1
0
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[

0 1

1 0 -
o 01] Laplacian L = DD7T
- 0 1

OHO‘O

cocoow~ |

1
0
0

Incidence SVD D :@g 8] vT

Laplacian row “shape” matrix (squared)
_ T __ 2 0] 41
L=pD" =()% Ju

Edge-Laplacian col “shape” matrix (squared)

¥2 0]
L.=DTD = Vlo O_VT

0
0 0
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Graph Laplacians

Graph: Vertices

@%
cV A/
Gg=V¢ Edges z e& e=(v,v) /3 @

@,\@/ @/

Incidence Matrix: D < RIVI*IE]

D =

1 0

— 0 0 1 0 1 0
1 1 -1 0 -1 1 0 0
0 0 1 1 0 o - (ﬂ Laplacian L ' /
0 0 0 -1 0 0 0 1
) Actlon L — [ ] i| ‘ “heights”
Incidence SVD D=U [g 8} vT u i of nodes
H/_/
. B ” . ...tension created in edges
Laplacian row “shape” matrix (squared) ) A \ P
T 22 0' T L - A -
L=DDT = U[O ol

... summed resulting tension on nodes
-\ -1
col “shape” matrix (squared) 3“‘ - ut -Us - %y 3 - ,u‘

2 0] (e
L.= DD = Vﬁ) 8 vT -(0\'\11) \u//ﬂg (//(‘

Edge-Laplacian
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Graph:

Vertices
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Edges ecé&

Incidence Matrix: D < RIVI*IE]

D =

1 0

—

0
1 1

—
—

0 1 0

1 0 0 0
0 0 -
1 —

0
0 1

IncidenceSVD D=U [g 8} vT

cocoow~ |

1
0
0

[

OHO‘O

1
0
0 0
0 0

—_

Laplacian row “shape” matrix (squared)

_ T __ 2 0| ;T
L=DD" = v | (lu
Edge-Laplacian col “shape” matrix (squared)

Le: DTD _ V[ZQ 0]

T
0 oV

e = (v,v) @

A)/'@l\\‘(j@
NG of
O«

Laplacian [ = DD7T

(D[ D" ][]

H/—/

Action: Lu “heights”
of nodes

...tension created in edges

-

-~

.. sdmmed regulting tension on nodes
Linear
ODE

Eigenvectors
are oscillation modes

“Vibration modes” of a graph
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Graph: Vertices vey /1v

Gg=V¢ Edges ecé e=(v,v") %
5 @ <«

Incidence Matrix: D < RIVI*IE]

1 0
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D =

1
0
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—
===}

1
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-1 0

Incidence SVD D:U[g 8} vT L = DDT = 'J—l @1

0
0
0
1
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1
0
0

Laplacian [ = DDT l

—1 -1
2 0 J-—1 0
Laplacian row “shape” matrix (squared) 1 _m @ _@1
. T o 22 O' T | 0 J -1 -1
L=DD" = v | (lu

Edge-Laplacian col “shape” matrix (squared)

¥2 0]
L.=DTD = Vlo O_VT
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Gg=,9) Edges eef e = (v,v") @ /
Incidence Matrix: D e RIVI*I€l \@ 4/ @
D - 711 701 31 8 jl (1J (1) 8

o0 110 0 Laplacian [ = DD7T
0 0 0 -1 0 0 0 1

Incidence SVD D_U[0 O]V L = U[O O}U v ille ollZ e

|

Laplacian row “shape” matrix (squared)

_ T __ 2 0] 41
L=DD" = vl} (v
Edge-Laplacian col “shape” matrix (squared)

¥2 0]
- T _ T
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Graph: Vertices veY
Gg=,9) Edges eef e = (v,v") @ /
Incidence Matrix: D e RIVI*I€l \@ 4/@
D - 711 701 31 8 jl (1J (1) 8
o0 110 0 Laplacian [ = DD7T
0 0 0 -1 0 0 0 1
: L [E 0] r _EQO}T:"QO_iT
IncidenceSVD D=U [0 0] 1% L=U [ o o U !1 | P I
|

Laplacian row “shape” matrix (squared)
5
L=DD" = v |7 (v

Edge-Laplacian col “shape” matrix (squared)

¥2 0], ,r
Vlo 0_V

L.=D"D =
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Graph: Vertices vey 4/'@§@
Gg=V¢ Edges eecf e = (v,v") @ 3 /
Incidence Matrix: D e RIVI*I€l \@ 4/ @

D — 711 701 31 8 jl (1) (1) 8
R S Laplacian L = DDT
0 0 0 -1 0 0 0 1
: B DR ] _ 2 0], — | |10 o] [- 17
Incidence SVD D=U [0 0] v L=1U [ 0 o U- = !1 ollo w2 |-
|
Laplacian row “shape” matrix (squared) = | 0 - 0 - _qr _
it Mo 0 - Ut
_ T _ 2 0] ;.17 1 Up - Uk 6 : : 51
L= DD —U[O 0_U [ N R |
Edge-Laplacian col “shape” matrix (squared)  Eigenvalues 0=.--=0 <M\ <---<A,

o] —_—

Le — DTD — 174 [ZE)Q 0 VT num of connected

components
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Graph: Vertices vey A/y@%@
Gg=V¢ Edges eecf e = (v,v") @ 3 /
“~ 0 /@

Incidence Matrix: D < RIVI*IE]

D _ -1 0 0 0 1 0 1 0
— |1 -1 -1 0 -1 1 0 0
T S ] Laplacian L = DD”
0 0 0 -1 0 0 0 1
: B DR ] _ 2 0], — | |10 o] [- 17
IncidenceSVD D=U [0 0] 1% L=1U [ 0 o U = !1 Ullo w2 T
|
Laplacian row “shape” matrix (squared) =T |- 0 - 0 - _ 1; _
= Mo 0 - Uy -
_ npT — 7 [=2 0] 1 Lo blg J
L= DD —U[O ol U | N R |
Edge-Laplacian col “shape” matrix (squared) Eigenvectors N | |
22 O' Constant <€—| 1 |U; -+ Uk]
— T _ Vv VT ectors
Le D D — [0 0_ (zeroveigenvalues) | |
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Vertices

Graph:

G=WV¢) Edges

Incidence Matrix: D < RIVI*IE]
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IncidenceSVD D=U [E O] vT

0 0

Laplacian row “shape” matrix (squared)
5
L=DD" = v |7 (v

Edge-Laplacian

22

N
0_

col “shape” matrix (squared)

VT

Laplacian L =

L= Uﬁf 0

=l 1 ]
[1 Uy - U
L

Eigenvectors
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vectors
(zero eigenvalues)
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\@/@
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|
zé.? ” "
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hll b |
| |
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modes of graph
non-zero eigenvalues)
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Graph: Vertices vey :: - ) 8// \\@)D
Gg=0MW¢&) Edges eecf e = (v, /) ) ‘V)

AKX

v
Incid Matrix: RIVIXIE] R | \ L .
nciaence viatrix D € [;I r‘ _ [ \ @ @
' -
{

D=[r% o Lol O 9
TS S R Laplacian I = DDT  Complete Graph
0 0 0o -1 0 0 0 1
Incidence SVD Dp=vl|> 9v7 L=111
0 O 1 U, -
|

Laplacian row “shape” matrix (squared)
Eigenvalues

2 1
L=DD" =y [ 0 8 Ut Eigenvectors

Any orthonormal
basis vectors
perpendicular t

Edge-Laplacian col “shape” matrix (squared)

.
L. = DTp = VvV lzo 8 vT Proof (sketch)
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Graph Laplacians /@ \
Graph: Vertices veEe)Y @ @

Gg=0MW¢&) Edges ecé& e=(v,v") /

\
Incidence Matrix: D e RIVIXI¢] @\@/@

D _ -1 0 0 0 1 0 1 0
—_— 1 -1 -1 0 -1 1 0 0
0 1 0 0 0o -1 0 -1 L - _ T
00 1 1 0 o -1 J aplacian [ = DD d-Regular Graph
cor e et (all nodes have same degree)
i _|Z Olyr _ o -0 -7 - 1* -
Incidence SVD D_U[0 O}V L=\ T A IR | B
Laplacian row “shape” matrix (squared)
. Eigenvalues (same as - adjacency matrix + d)
by . .
L = DDT = U [ 0 8 T Eigenvectors (same as adjacency matrix)

Edge-Laplacian col “shape” matrix (squared) see following S"/des
32 0] ¥
— T 174 vT Proof (sketch L=A-A=dl-A
L.=D"D = lo 0 ( )
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Graph: Vertices vey
Gg=W¢) Edges ee&
Incidence Matrix: D < RIVIxI€l

1 0

D=

—

0
1 0
0
1

OP—‘O‘ o
—
=]
(=
o o

e —

1
0
0o 0 -1 0
0

oo o

1
0
0

—_

IncidenceSVD D=U [g 8} vT

e = (v,v)

Lu

Laplacian

-

— | —

Uy

G)/ \@)

P/

L= DD"
(or any cifculant graphb)
| | 0 - 0 — VRS
T
U, A 0 - U1 -
0 : :
| ] -

Laplacian row “shape” matrix (squared)
. Eigenvalues
>
L=DD" =y [ 0 8 Ut Eigenvectors
Edge-Laplacian col “shape” matrix (squared) Proof (sketch)
Le=D"p = Vv Jvr Note:
e - 0 0_ .

UT -
related to DFT)

discrete Fourier basis vectors

Ask Dan
(other materials)

Related to theory of
circulant/shift matrices

Eigenvectors of L called

Graph “Fourier” Transform .... extension of DFT
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Graph: Vertices vey
Gg=0MW¢&) Edges eef €= (Ua"U,) f
«W"@

Incidence Matrix: D < RIVIxIél @
D _ -1 0 0 0 1 0 1 0
i 1 -1 -1 0 -1 1 0 0
0 0 1 1 0 0 4 01] Weighted Laplacian Ly = DWDT
0 0 0 -1 0 0 0 1
s 0 Edge weights ~ W, >0 W =diag([W;1 --- Wg|])
H _ T
Incidence SVD D=U [0 0] 4 Interpretation:  resistance, travel time/cost
. 2
Laplaman row “shape” matrix (squared) LW — DWDT: UW[ (I)/V 0] UVTV
5 -
L=DD" = v |7 (v .
: =[1 [z%v 0“— Uty —]
Edge-Laplacian col “shape” matrix (squared) U|W T 0 of- 17 -
»2 0]
— NTPH — T
L.=D"D = V[O o]V
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Graph: Vertices vey

Gg=WV¥&) Edges eef e = (fU,’U’) f
Incidence Matrix: D ¢ RVIxI€] @A—W’@

1 0 o 1 0 1 0
-1 -1 0 -1 1 0 0
0
1

D =

—

Weighted Laplacian Ly = DW DT

OHO‘O

cocoow~ |

1
0
0

—_
f=}
(=1
fe=}
—

P — T | “heights”
IncidenceSVD D=U [g 8] VT Action:  Lyyu [ D ][ 44 }[ D } H of nodes
. « ” . ...tension created in edges scaled by weights
Laplacian row “shape” matrix (squared) < .
_ T _ Y2 0] .7
L=DD" =U { 0O 0 U ... summed resulting tension on nodes

Edge-Laplacian col “shape” matrix (squared)

¥2 0]
L.=DTD = Vlo O_VT
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Graph: Vertices vey A/y@%@
Gg=V¢) Edges ecé& e=(v,v") @ /
Incidence Matrix: D e RIVI*I€l \@ 4/ @

D=|"

1

—

0 1
1 0
- 0

[
[

0
1 0
0
1

OHO‘O
HO‘CO

1] Edge Laplacian L. = DTD

1
0
0
0

cocoow~ |

1
0 0
0 0 0

—_

IncidenceSVD D=U [g 8] vT

Laplacian row “shape” matrix (squared)

_ T __ 2 0| ;T
L=DD" = v | (lu
Edge-Laplacian col “shape” matrix (squared)

¥2 0]
L.=DTD = Vlo O_VT
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Graph: Vertices vey A/y @%@

Gg=V¢) Edges eecf € = (”Ua’U,) /
Incidence Matrix: D e RIVI*I€l \@ 4/@

1 0 o 1 0 1 0
-1 -1 0 -1 1 0 0
0
1

D =

—

Edge Laplacian L. = DTD

OHO‘O

cocoow~ |

1
0
0

—_
f=}
(=1
fe=}
—

. Action: L.1m = [ T ] [ } “Tension”
IncidenceSVD D=U [g 8] VT N D D L in edges
|
Laplacian row “shape” matrix (squared) —
- ...summed tension on nodes
_ T _ X% 0| 57T ~ s
L=DD" =y [ 0 o|U ~

. .. differential in tension along edges
Edge-Laplacian col “shape” matrix (squared)

¥2 0]

_ T _ T

Le = D'D = 14 [ 0 0_ 14




Graph Laplacians
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Graph: Vertices ¢y &) /17/ 2\5@
3

Gg=V,¢) Edges eecf e = (v,v") @

Incidence Matrix: D < RIVI*IE]

1 0
D=/
1

,_.
l mococo

1 0
0 0
0 -
- 0
1

O*—‘O‘O

Laplacian [ = DD7T

cocowr |
—

1
0
0 1 0

Incidence SVD D:U[g 8]VT L=12 -1 0 -1 0
-1 3 -1 -1 0

Laplacian row “shape” matrix (squared) -1 =1 0 3 -1
B T S22 0] .7 | 0 o -1 -1 2]
L=DD" = v | (lu

Edge-Laplacian col “shape” matrix (squared)

¥2 0]
Le:DTD: Vlo O_VT




Degree & Adjacency Matrix @
Graph: Vertices vey \@
Gg=V¢ Edges ecé e=(v,v") /

Incidence Matrix: D < RIVI*IE]

D: 711 701 31 8 (1) 8 Ind dent
0 1 0 0 0 -1 - e T naepenaen
o0 0 1o 4 Laplacian L = DD of edge direction
. I DR V) s _ — 20000 — 0O 1010
Incidence SVD D_U[0 O}V L—.@E_ 030 0 0 L o110
00200 01 00 1
) 00030 I\y 1100 1
Laplacian row “shape” matrix (squared) ¥ 0000 2 00110
- T _ = 0] Degree
L=DD" =1U [ 0 0 U Ma?trix [ A Lw = |N,| diagonal
Edge-Laplacian col “shape” matrix (squared) \ 1 sife=(uv0) €&
. 2 0] . Adjacency [ A L}vl — {0 ; lti
_ _ i ; otherwise
L.=D'D = Vlo O_V Matrix




Adjacency Matrix

Graph: Vertices veY / @ \@

Gg=V¢ Edges eef €= (Uavl) /
Incidence Matrix: D ¢ RIVI*Il \@ M@
D - 711 701 31 8 (lJ 8
o0 11 Laplacian [ = DDT = A-A
0 0 0 -1 0 1
. Degree — .
Incidence SVD D=U [g 8} VT Matrix [A],, =Wl diagonal
Adjacency [ ] )1 sife=(v,0) €€
Laplacian row “shape” matrix (squared) Matrix v’ 0 ; otherwise
2 . Adjacency Start
L = DDT = U [2(]) 8 Ut Matrix @
i « [0 1 010
Edge-Laplacian col “shape” matrix (squared) Gl P
Y2 0] 12,85 11001
— T _ T <« |0 0 1/1 0
Le=D'"D = V[O o]V )




Adjacency Matrix
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REVIEW: Nullspace - Cgolumn Geometry (Computation)
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REVIEW: Nullspace - Column Geometry (Computation)
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REVIEW: Nullspace - Column Geometry (Computation)
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