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Graphs

Graph: Vertices - V
Gg=W,¢£) Edges e ecé e = (v,v)

edge e is “incident” to vand v’ @ 4/ @

Undirected Graphs Directed Graphs
e — (Q)7 U/) e = (U, U/) edge e from v to V’
Neighborhoods: set of “adjacent” nodes Neighborhoods: set of “adjacent” nodes
Ny ={v eV]e=(vv)eé) Ny ={v'eV]e=(vv)e€}  outdegree  d = |N"
degree of vertex — N, Nt ={v' eV |e= (' v) € £} in-degree  d°"' = |N/°"Y

: __ Jin out
Ny = NP UNS™ degree dy = d,, +d;

Automorphism of Graph

“Relabeling of nodes and edges
that maintains graph structure”
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Incidence Matrix

Graph:
G = (Vv 5)

Incidence Matrix:
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Graph: Vertices ¢ &€ )/
G=W,¢&) Edges e e e = (v,v")
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2
Graph: Vertices v E)V A%V 3
1

/
G =€) Edges e et e = (v,v) @ 3 /7
Incidence Matrix: D < RIVIXI€ vﬁ\@ AT @
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Incidence Matrix

Graph: Vertices ¢ &€ )/
G=W,¢&) Edges e e e = (v,v")

Incidence Matrix: D < RIVIxI€l
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Incidence Matrix

Graph: Vertices - V
g — (Vag) Edges A g € = (U7 U/) @ /
Incidence Matrix: p < RIVIxIE @ A/@

. if e out of v

—1 ; ifeoutofw . otherwise
[D} =<1 :ifeintow
ve 0 : otherwise (1 if e into
; ; 1I e Into v :
[Dm } =10 . . ..relabeling nodes rearrange rows
ve 0 otherwise
..relabeling edges rearrange columns
4 ¢edges ——>Pp
D— [-1 1. 0 o 0 1 0 0 _ | | |
1 -1 -1 1 -1 0 0 0 Algebraically: multiply by permutation matrices
0 0 1 -1 0 0 —1 0 | vertices /
L L | P, P permutation matrices
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Incidence Matrix - Domain

o (Dt
Graph: Vertices - V % %@
G=(V,6)  Edges €EE  e=(v0) O ! /z o
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Domain & Co-Domain Interpretation

Domain: z cR/¢l ..massflowon edges



Incidence Matrix - Domain

= Qs
Graph: Vertices v E ) % 2
Gg=,¢&) Edges eec & € = (Uavl) @ L /3 ‘
Incidence Matrix: D < RIVIxI€] v7\@4{
D:__11—01—01 8 —11(1) é 8_
0 1 0 0 0 -1 0 -1
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000 0 -1 0 0 0 1 Domain & Co-Domain Interpretation
Domain: z cR/¢l ..massflowon edges
Examples ...fluid flow
...traffic flow
...data flow

...current
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Graph: Vertices v E ) a@ﬁ@
Gg=W,¢£) Edges e cé € — (Uavl) @ . /
'7\@

o

Incidence Matrix: D < RIVIxI€l

4
-1 0 0 0 1 0 1 0]
D — |1 -1 -1 0 -1 1 0 ©0
o 1 0 0 0 -1 0 -1
o 0 1 1 0 0 -1 0 ] ] ]

00 0 -1 0 0 0 1 Domain & Co-Domain Interpretation

Domain: z < RI¢l . .mass flow on edges Co-domain: S c RVl ..source-sink on nodes
Examples ...fluid flow
...traffic flow
...data flow

...current



Incidence Matrix - Domain

Graph: Vertices ¢ € )/
G=(VE) Edges e cé

Incidence Matrix: D < RIVIxI€l

D /-t 0 o o 1 o0 1 0
— |1 -1 -1 0 -1 1 0 O
o 1 0 0 0 -1 0 -1
o 0 1 1 0 0 -1 0
0 0 0 -1 0 0 0 1
Domain: =z Rl ..mass flow on edges
Non-
conserved S —_— D :E Edge flow
flow vector

r=x-+Cz

Specific Cyclic
Solution Flow

e = (v,v")

®
3
4{

o Ao~

Domain & Co-Domain Interpretation

Co-domain: S < R!Yl ...source-sink on nodes




Incidence Matrix - Domain

Graph: Vertices ¢ &€ )/
G= V<) Edges e €&
Incidence Matrix: D < RIVIxI€l
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Non-
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flow vector
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Specific
Solution
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Flow

e = (v,v")
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Co-domain: S < R/V

...source-sink on nodes
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Graph: Vertices ¢ &€ )/
G= V<) Edges e €&
Incidence Matrix: D < RIVIxI€l
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Non-
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Specific
Solution

e = (v,v")
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Domain & Co-Domain Interpretation
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Graph: Vertices ¢ &€ )/
G= V<) Edges e cé
Incidence Matrix: D < RIVIxI€l
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Non-
conserved S —_— D :E Edge flow
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Specific Cyclic
Solution Flow

e = (v,v")
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Incidence Matrix - Domain

Graph: Vertices ¢ € )/ ﬁ/@%

G = (Vag) Edges e e € = (Uavl) @
Incidence Matrix: p < RIVIxIE 7\
D — __11 —01 —01 8 —11 (1) (1) 8_
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00 0 10 0 0 1 Domain & Co-Domain Interpretation
Domain: z < RI¢l . .mass flow on edges Co-domain: S c RVl ..source-sink on nodes
Non- Edge fl T 1
conserved — ge riow — —
rowv S T D L vector S = 0.5
—0.3
— —0.2
r==T+Cz )
Specific Cyclic

Solution Flow



Incidence Matrix - Domain

Graph: Vertices ¢ € )/
G=(V,¢) Edges ec & e = (v,0)

Incidence Matrix: D < RIVIxI€l

D — __11 —01 —01 8 —11 (1) (1) 8_
0 1 0 0 0 -1 0 -1
o 0 1 1 0 0 -1 0 _ _ _
00 0 =10 00T Domain & Co-Domain Interpretation
Domain: z < RI¢l . .mass flow on edges Co-domain: S c RVl ..source-sink on nodes
o Edge fi -1
conserved — ge 1iow — | —
flow S T D L vector S = 0.5
—0.3
— —0.2
r=1+ Cxz !
Specific Cyclic

Solution Flow



Incidence Matrix - Domain

Graph: Vertices ¢ € )/

Gg=WVE) Edges e e e = (v,v')

Incidence Matrix: D < RIVIxI€l

D /-t 0 o o 1 o0 1 0
— |1 -1 -1 0 -1 1 0 O
o 1 0 0 0 -1 0 -1
o 0 1 1 0 0 -1 0
0 0 0 -1 0 0 0 1]
Domain: =z Rl ..mass flow on edges
Non-
conserved S —_— D x Edge flow
flow vector

r=1x-+Cz

Specific Cyclic
Solution Flow

Domain & Co-Domain Interpretation

Co-domain: S < R!Yl ...source-sink on nodes

Minimum Norm Solution: gz = D¥(DD?)'S

.. ho component of x in nullspace, ie. no cycle flows

Moore Penrose Pseudoinverse

.. gives the minimum norm/least squares solution

.. to be an exact solution S needs to be in range of D
(conservation of flow in & out of network)
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Graph: Vertices v E ) A/V @§@

g — (va) Edges e C g € = (U7 U/) @ /
Incidence Matrix: p < R/VIxI€ @ 4/ @
l):__11 —01 —018—11(1) é 8_
0 1 0 0 0 -1 0 -1
o 0 1 1 0 0 -1 0 _ _ _
00 0 =100 0T Domain & Co-Domain Interpretation
Domain: z < R¢l .. massflowon edges Co-domain: S < R!Yl ...source-sink on nodes
w RVl ...value function on nodes
Non-
conserved —_— Edge flow
flow S o D:I; vector

r=x+Cz

Specific Cyclic
Solution Flow
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Graph: Vertices v E ) &@%@
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Gg=W,¢£) Edges e c& 6:(1},1}) @ /
Incidence Matrix: D < RIVIxI€ @ 4/ @
-1 0 0 0 1 0 1 0]
D — |1 -1 -1 0 -1 1 0 0
6o 1 0 0 0 -1 0 -1
0 0 1 1 0 0 -1 0 _ _ _
00 0 =100 0T Domain & Co-Domain Interpretation
Domain: z < R¢l .. massflowon edges Co-domain: S < R!Yl ...source-sink on nodes
w RVl ...value function on nodes
Non- Examples ...gravitational potential
conserved S — D T Edge flow
flow vector ...voltage

...cost-to-go
r=x+(Cz

Specific Cyclic
Solution Flow



Incidence Matrix - Co-Domain

Graph: Vertices v E ) &@%@

/
Gg=W,¢£) Edges e c& 6:(1),1)) @ /
Incidence Matrix: p < RIVI*I€] @ 4/ @
-1 0 0 o0 1 0 1 0]
D — 1 -1 -1 0 -1 1 0 0
o 1 0 0 0 -1 0 -1
o 0 1 1 0 0 -1 0 _ _ ]
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Domain: z < R¢l .. massflowon edges Co-domain: S < R!Yl ...source-sink on nodes
TR 3 ...tension/difference on edges w & le ...value function on nodes
Non-
conserved S — Edge flow T o T
flow T D:I; vector w D — 7-
Value function Edge tension

r=x+Cz

Specific Cyclic
Solution Flow
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Graph: Vertices - V

G=,¢£) Edges eec & e = (v,v")

Incidence Matrix: D < RIVIxI€l

D /-0 0o o 1 0o 1 o0
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Domain: z cR/¢l ..massflowon edges
TelR 3 ...tension/difference on edges
Non-
conserved S — D T Edge flow
flow vector

r=x+Cz

Specific Cyclic
Solution Flow

Domain & Co-Domain Interpretation

Co-domain: S e RVl ...source-sink on nodes
w RVl ...value function on nodes
T T
w D =T
Value function Edge tension

[wTD]e = W; — Wi = Te
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i | Oy
D = 11 —01 —01 8 —11 (1) é 8
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00 0 =100 0T Domain & Co-Domain Interpretation
Domain: z < R¢l .. massflowon edges Co-domain: S < R!Yl ...source-sink on nodes
T & R|g| ...tension/difference on edges w & R|V| ...value function on nodes
ron- Edge fl T’ T’
d N ge flow o
consered 5 = D = w!'D =T

Value function Edge tension
r=x+Cxz

Specific Cyclic
Solution Flow

[wTD]e = W; — Wy = Te
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Domain: z < R¢l .. massflowon edges Co-domain: S < R!Yl ...source-sink on nodes
TR 3 ...tension/difference on edges w & le ...value function on nodes
Non-
conserved S — Edge flow T o T
flow T D:I; vector w D — 7-
Value function Edge tension

r=x+Cz

Specific Cyclic
Solution Flow

[wTD]e = W; — Wi = Te
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Domain: z < R¢l .. massflowon edges Co-domain: S < R!Yl ...source-sink on nodes
TR 3 ...tension/difference on edges w & le ...value function on nodes
Non- Edge fl T T
conserved S — ge fiow _
flow T D:I; vector w D — 7-
Value function Edge tension
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Solution Flow
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-t 0o o o 1 o 1 o0
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8 (1) o0 8 —01 o —01 Fundamental Thm of Linear Algebra
o O O -1 0 0 0 1
mXn
A c R Domain
rank A =k
“Span of “Span of
the columns” i} the rows”
Nullspace AT “Orthogonal _ “Orthogonal Nullspace A
to columns” Rank-nullity to rows”

dim = m-k dim = n-k

rank(A) + null(A) =n
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Graph: Vertices v EYV
Gg=W,¢£) Edges eec &

Incidence Matrix: D < RIVIxI€l
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Polar A=pvT.v > 0 T “Column
Decomposition 0 0 version”
Rotation PSD “shape”
__ 77 |2 0] g7 T “Row
A — U 0 0 u--uv version”

PSD “shape” Rotation



Graph Laplacians

Graph: Vertices ¢ &) A%V @§@
G- (V.6)  Edges c€E  e=(00) @ N
Incidence Matrix: p c RIVIxI€ @ 4/@

D= 1 Review: Shape Matrices
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(AT A)Y/2  “Shape” of columns  (AAT)Y/2 “Shape” of rows

General Matrix A € R™*" EVDof 4T gy1/2_y X 0| 1 (AATYY/2 = U 2 Ol
Shapes 0 0 0 0
B | _ _
A= 4 --- A, cols... Singular o >, 0 T
| | Value A — U 0O O 4
i l Decomposition i i
ST

— ; FOWS...




Graph Laplacians

Graph: Vertices ¢ &) A%V @§@
G- (V.6)  Edges c€E  e=(00) @ N
Incidence Matrix: p c RIVIxI€ @ 4/@

D= 1 Review: Shape Matrices
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(AT A)Y/2  “Shape” of columns  (AAT)Y/2 “Shape” of rows

General Matrix A € R™*" EVDof  (yrgp2_y |>* Olyr  (44T2 =y 2 O
Shapes 00 0 0
| |
A= 4 --- A, cols... Singular o >, 0 T
| | Value A — U 0O O V
i i Decomposition S
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Graph Laplacians

Graph: Vertices ¢ &) A%V @§@
G- (V.6)  Edges c€E  e=(00) @ N
Incidence Matrix: p c RIVIxI€ @ 4/@

D= 1 Review: Shape Matrices
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coo |l
oo | —wo

1
oo o — |

(AT A)Y/2  “Shape” of columns  (AAT)Y/2 “Shape” of rows

General Matrix A € R™*" EVDof 4T p12 _y 2 0lyr (442 =@ 2 O
Shapes 00 0 0
B - _ _
A= 4 --- A, cols... Singular o >, 0 T
| | Value A — U 0O O V
i i Decomposition S
— ol = [l L= o v* -
_ - rows... L0 o= v - .
; - - - for singular
— g _ vectors
- " } U/ _ AV’Z_l V/T _ E_lU,TA w/ non-zero

values



Graph Laplacians

Graph: Vertices v E ) /V@§@

g — (Vag) Edges A g € = (U7 U/) @ /
Incidence Matrix: p < RIVIxIE] @ 4/ @
D — __11 —01 —01 8 —11 (1) é 8_
TR S Laplacian L = DD?
0 0 0 -1 0 0 0 1
: > 0 7
IncidenceSVD D=U 90 1%

Laplacian row “shape” matrix (squared)

L=DD" = y[¥ %yr

Edge-Laplacian col “shape” matrix (squared)

_22 O_
— T _ T
Le _ D D — V _ O O_ V




Graph Laplacians

Graph: Vertices v E ) é@§@

g — (Vag) Edges A g € = (U7U/) @ /
Incidence Matrix: p < RIVI*IEl @A/@
D — __11 —01 —01 8 —11 (1) é 8_
TR S Laplacian L = DD?
0 0 0 -1 0 0 0 1

Action: Lu = [ D M DT } 'u' “heights”

Incidence SVD D=U ? 8 v of nodes
. ...tensi ted |
Laplacian row “shape” matrix (squared) ension created in edges

S————
_ T _ 2 0] ;o7
L=DD" =U 0 0 U ... sSummed resulting tension on nodes

Edge-Laplacian col “shape” matrix (squared)

o g
— 1 _ T
Le=D'D = V|, oV




Graph Laplacians

Graph: Vertices v E )
g — (Vag) Edges A g € = (U7 U/) @ /
Incidence Matrix: D < RIVIxIEI @ 4/@
D:__11—01—01 8 —11(1) é 8_
R B T Laplacian L = DD7T
0o 0 0 -1 0 0 0 1
| 5 0 Action:  Lu =[ D ][ DT[] oo
IncidenceSVD D=U ? 8 v D D u of nodes
Laplacian row “shape” matrix (squared) ...tension created in edges
S————
_ T _ 2 0] 4T
L=DD" =U 0 0 U .. summed resulting tension on nodes
Edge-Laplacian col “shape” matrix (squared)  Linear 11 = — Lu Eigenvectors
) ] ODE are oscillation modes

L.= DTD = VI OVT

“Vibration modes” of a graph



Graph Laplacians

Graph: Vertices v E V /V/@ \@

g = (Vag) Edges A g € = (U7U/) /
Incidence Matrix: p < R/VIXIE] @ 4/ @
D:__11—O1—018(1)8_
A Laplacian [ = DD?
0 0 0 -1 0 1
IncidenceSVD D=U ? 8 vT L=DD'=1[2 -1 0 -1 0
i _ -1 3 -1 -1 0
0 —1 2 0 —1
Laplacian row “shape” matrix (squared) 1 —1 0 3 1
L DDT '22 O' T i O O —1 —1 2 1
— = U 0 0 U

Edge-Laplacian col “shape” matrix (squared)

o g
_ T _ T
Le=D'D = V|, oV




Graph Laplacians

e = (v,v")

Graph: Vertices ¢ &€ )/
G=W,¢) Edges e €&
Incidence Matrix: D < RIVIxI€l
D /-0 0o o 1 0o 1 o0
o 1 0 0 o0 -1 0 -
0 0 1 1 0 0O -1 0
0 0 0 -1 0 0 0 1
IncidenceSVD D =U % 8 v
Laplacian row “shape” matrix (squared)
o
L=DD" = vul|7 [|UT

Edge-Laplacian col “shape” matrix (squared)

L. =

D'D =

v

2
0

y
O_

VT

Laplacian L = DD?

L

U

@

OI

O

UT

7

pog=soll

:\6\,@




Graph Laplacians

e = (v,v")

Graph: Vertices ¢ &€ )/
G=W,¢) Edges e €&
Incidence Matrix: D < RIVIxI€l
D /-0 0o o 1 0o 1 o0
o 1 0 0 o0 -1 0 -
0 0 1 1 0 0O -1 0
0 0 0 -1 0 0 0 1
IncidenceSVD D =U % 8 v
Laplacian row “shape” matrix (squared)
o
L=DD" = vul|7 [|UT

Edge-Laplacian col “shape” matrix (squared)

L. =

D'D =

v

2
0

y
O_

VT

Laplacian L = DD?

L

U

@

OI

O

UT

7

pog=soll
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Graph Laplacians

Graph:

Incidence

D =

Incidence

Laplacian

L =

Edge-Laplacian col “shape” matrix (squared)
22
0

Lo =

1

1
oo o — |

Vertices

Edges

Matrix:

oo~ | o
o~ o | o

—
—_— O O O

SVD

OOOlb—\

oo | —wo

D=U

v eV
e c &

©|©©+—k

— o | oo
1 ]

D e RIVIXIE]

IO oI

e = (v,v")

VT

row “shape” matrix (squared)

DD =

D'D =

U

v

2

0

.
O_

y
O_

UT

VT

@

=

"~

Laplacian L = DD?'

L

U

|
1
|

2
0

|
U, -

Eigenvalues

—_—

. _
Jor =,
|
st
NI

0=---=0 <\ <

num of connected
components

=
>0




Graph Laplacians

Graph:

Incidence

D =

Incidence

Laplacian

L =

1

1
oo o — |

Vertices

Edges

Matrix:

oo~ | o
o~ o | o

—
—_— O O O

SVD

CDCDCle—L

oo | —wo

D=U

v eV
e c &

©|©©+—k

— o | oo
1 ]

D e RIVIXIE]

IO oI

e = (v,v")

VT

row “shape” matrix (squared)

DD =

U

2

0

.
O_

UT

Edge-Laplacian col “shape” matrix (squared)

Lo =

D'D =

v

2
0

y
O_

VT

@

Laplacian L = DD?'

vectors
(zero eigenvalues)

_ o [EF 0] 47
L - U i O O_ U
— l | | 0 A—
LU - Ul | )7
0
’ ‘ ‘ 0
Eigenvectors
Constant <—
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"~

0
U110
F gt
_UlT
-0
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=
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Graph Laplacians

Graph:

Incidence

D =

Incidence

Laplacian

L =

Edge-Laplacian col “shape” matrix (squared)

Lo =

Vertices

Edges

Matrix:

SVD

D=U

v eV
e c &

D e RIVIXIE]

e = (v,v")

VT

row “shape” matrix (squared)

DD =

D'D =

U

v

2

0

0
0

UT

VT

Laplacian L = DD?'

L

U

|
1
|

|
U, -

Eigenvectors

Constant
vectors

(zero eigenvalues) —

@

=

"~

S

—

rd

Oscillation
modes of graph

:\6\,@

(hon-zero eigenvalues)




Graph Laplacians

Graph: Vertices ¢ &€ )/
G=W,¢) Edges e €&
Incidence Matrix: D < RIVIxI€l
D — __11 —01 —01 8 —11 (1) é 8_
0 1 0 0 o -1 0 -1
0 0 1 1 0 0O -1 0
0 0 0 -1 0 0 0 1
IncidenceSVD D =U ? 8 v
Laplacian row “shape” matrix (squared)
P
L=DD" = vul|7 [|UT

Edge-Laplacian col “shape” matrix (squared)

v2

L€:DTD: V_O O_VT

e = (v,v")

Laplacian L = DD?

L =

Eigenvalues
Eigenvectors

Proof (sketch)

||
1 U -
|

Complete Graph
T
0 — UlT
| UE

Any orthonormal
basis vectors
perpendicular to 1



Graph Laplacians

Graph: Vertices ¢ &€ )/
G=W,¢) Edges e €&
Incidence Matrix: D < RIVIxI€l
D — __11 —01 —01 8 —11 (1) é 8_
0 1 0 0 o -1 0 -1
0 0 1 1 0 0O -1 0
0 0 0 -1 0 0 0 1
IncidenceSVD D =U ? 8 v
Laplacian row “shape” matrix (squared)
P
L=DD" = vul|7 [|UT

Edge-Laplacian col “shape” matrix (squared)

o g
_ T _ T
Le=D'D = V|, oV

e = (v,v") \ /

/@

o N

®

Laplacian L = DD'! d-Regular Graph

(all nodes have same degree)

L= 1|1 0 -0
1 Ul Uk (|) :1 :
o | 0

Eigenvalues (same as - adjacency matrix + d)

Eigenvectors (same as adjacency matrix)

see following slides

Proof (sketch) L=A—-A=dI - A



Graph Laplacians

®
@/ \@

Graph: Vertices v EYV
G = (Vyg) Edges e & g € — (Uavl) \ /
Incidence Matrix: p < RIVIxIE @ — @
D /-t 0 0o 0o 1 0 1 0]
— 1 -1 - o -1 1 0 0
S T S s Laplacian L = DD?' Cycle Graph
R (or any circulant graph)
i _g |2 YT S e |
Incidence SVD D=U 0 oV L= SR | I | I
] N R | I A
Laplacian row “shape” matrix (squared)

L =DD! =

Edge-Laplacian col “shape” matrix (squared)

L.= D'D =

v

2

0

0
0

(related to DFT)

discrete Fourier basis vectors
Ask Dan

Eigenvalues

UT

Eigenvectors

Related to theory of
Proof (sketch) circulant/shift matrices (other materials)
T Note: Eigenvectors of L called

Graph “Fourier” Transform .... extension of DFT



Graph Laplacians

Graph:
G = (Vv 5)

Incidence Matrix:

D =

1
oo o — |

1

IncidenceSVD D=U

Laplacian

e = (v,v")

Vertices v EYV

Edges e €&

D e RVIxIE

o 0 o 1 0 1 0
-1 -1 0 -1 1 0 0
1 0 0 o -1 0 -1
0 1 1 0 0O -1 0
60 0 -1 0 0 0 1

> 0 T
_O O_

row “shape” matrix (squared)

L =DD! =

2

0

T
O_

UT

Edge-Laplacian col “shape” matrix (squared)

Le:DTD: V

2
0

;
O_

VT

Weighted Laplacian Ly = DWD*

Edge weights ~ W, >0 W =diag([W; - W)

Interpretation: resistance, travel time/cost

w2
Lw = DWD!' = Uw (‘)/V 0 Uy
== l_ _ZYQ/V 01— U/C‘Z/;/ _'T

U‘év T 0 oll- 17 -




Graph Laplacians

Graph:

G=V¢)

Incidence Matrix:

D =

1

1
oo o — |

Vertices

oo~ | o
o~ o | o

Incidence SVD

Laplacian

L =

Edges

v eV
e c &

D e rIVIXIE

= o o o

coo |~
oo | —wo

D=U

O|O©+—\

— o | oo
1 ]

IO oI

VT

row “shape” matrix (squared)

DD =

U

2
0

.
O_

UT

Edge-Laplacian col “shape” matrix (squared)

Lo =

D'D =

v

2
0

y
O_

VT

e = (v, @ /*T'/Jg

@«W"@

Weighted Laplacian Ly = DWD*

Action: Ly u = [ D }[ W }[ DT } le “heights”

| of nodes
I
...tension created in edges scaled by weights

.. summed resulting tension on nodes



Graph Laplacians

Graph: Vertices v E ) /V@§@

g — (Vag) Edges A g € = (U7 U/) @ /
Incidence Matrix: p < R/IVIxI€l @ 4/ @
D — __11 —01 —01 8 —11 (1) é 8_
T A S Edge Laplacian L. = D' D
0o 0 0 -1 0 0 0 1
: > 0 7
IncidenceSVD D=U 90 1%

Laplacian row “shape” matrix (squared)

L=DD" = y[¥ %yr

Edge-Laplacian col “shape” matrix (squared)

_22 O_
— T _ T
Le _ D D — V _ O O_ V




Graph Laplacians

Graph: Vertices - V
g — (Vag) Edges A g € = (U7 U/) @ /
Incidence Matrix: D < R/VI*IE] @ A/@
D:__11—01—018—11(1)(%8_
T A S Edge Laplacian L. = D' D
0 0 0 -1 0 0 0 1
. ' ‘ Action: L _7 = [ T ] [ } |1 “Tension”
Incidence SVD D=U ? 8 vl © D D 7‘- in edges
i ] |
Laplacian row “shape” matrix (squared) —
5 ) ...summed tension on nodes

.. differential in tension along edges

Edge-Laplacian col “shape” matrix (squared)

2

"o

Lo =

D'D =

y
O_

VT




Graph Laplacians

Graph: Vertices v E V /V/@ \@

g — (Vag) Edges A g € = (U7 U/) /
Incidence Matrix: p < RIVI*I€] @ 4/@
D — ! 1

o~ o | o
—_

I ==

ol oo~

Laplacian [ = DD?

co~ | o

— o | oo
| ]

1
oo o — |

Incidence SVD D=U ? 8 v I, =12 -1 0 -1 0
- - -1 3 -1 -1 0
0o -1 2 0 —1
Laplacian row “shape” matrix (squared) ~1 =1 0 3 1
L— DDT o '22 O' T _O 0 —1 —1 2_
o = U 0 0 U

Edge-Laplacian col “shape” matrix (squared)

w2
_ 1 _ T
L.= D'D = V_o O_V




Degree & Adjacency Matrix

Graph: Vertices v E V /V/@ \@

g — (Vag) Edges A g € = (U7 U/) /
Incidence Matrix: p < RIVI*I€] @ A/@
D — ! 1

Independent
of edge direction

o~ o | o
—

I ==

ol oo~

Laplacian L = DD?'

co~ | o

HO'OO
| |

1
oo o — |

: 2 0] _ _ __ 20000 — [0o1 010
Incidence SVD D=U |, .|V L=A-A = |7, .., o110
' ' 0 0 2 0 0 01 0 0 1
_ | 00 0 3 0 1 10 0 1
Laplacian row “shape” matrix (squared) 00 0 0 2 00 1 1 0
o
L=DD! = | Y pyr Degree .
0 0 Matrix [ A Lw = |N,| diagonal
E -Laplacian : ” | .
dge-Laplacian col “shape” matrix (squared) | 1 s ife=(v,0) €&
w2 () Adjacency | A ]m}/ — |
L, = DIpD = V N 1743 Matrix 0 : otherwise




Adjacency Matrix

Graph:
G=W,¢&)

Vertices

v eV

Edges e €&

Incidence Matrix: D < RIVIxI€l

D =

Incidence SVD v

S
D=U 0 O

Laplacian row “shape” matrix (squared)

L:DDT: []_z(])2 8UT

Edge-Laplacian col “shape” matrix (squared)

e = (v,v")

W

O

Laplacian [ = DD! = A-A
Degree A _ N _
Matrix [ ] VU ‘ v | diagonal
Adjacency [ A ] )1 s ife= (v,0)) € E
Miatrix v’ 0 ; otherwise
Adjacency Start @
Matrix noie4
< 0 1 0 1 O]
Edges to <« (1 0 11 0
Nodes 01 0 0 1
1,2, &5 11 oW+
<« [0 0 1 1 0]




Adjacency Matrix

Graph: Vertices v E V /Vf@ \@

Gg=W,¢£) Edges e e e = (v,v') /

Incidence Matrix: D c RIVI*IE] @ 4/'@

D=1|/2"2% ¢ 0 o
§ é z ﬁ’l _21 _?1 Laplacian [ = DD! = A-A
: Y 0] Degree A — .
Incidence SVD D=U A 8 vt Matrix [ ]vv Ny diagonal
_ Adjacency Al = 1 ;ife=(v,0)ef
Laplacian row “shape” matrix (squared) Matrix ov' 10 ; otherwise
y2 7 Powers of Start @
L = DDT = U 0 8 UT Adjacency I node 4
] ] 0 1 01 0] [0]
Edge-Laplacian col “shape” matrix (squared) R S
] _ 110 0 1| |1
%2 0 0 0 101 0] o

Le=DT'D = V|| vt




Adjacency Matrix

Graph: Vertices ¢ &€ )/
G=(,¢) Edges e e € = (U,U/)

Incidence Matrix: D < RIVIxI€l

D=['5%% 000
0 1 0 0 0 - ¥
8 8 (1) 11 —01 (1)1 LﬂplﬂClan L = DDT — A—A
. I ] Degree _ :
Incidence SVD D=U % 8 v Matrix [A}w Ny diagonal
_ _ Adjacency [ " } 1 s ife= (v,v") € &
Laplacian row “shape” matrix (squared) Matrix v’ 0 ; otherwise
T '22 O' Powers of NEZ& NZZL”z NEZZ‘s Start @
L=DD" = U 0 0 U L Adjacency * * * * node 4
] ] 0 1 0 1 0]fo 1 01 o]][0
Edge-Laplacian col “shape” matrix (squared) T TR e i ir
$2 1100 1|1 10 0 1] |1
o T _ Vv T 00 1 1 0/00 1.1 0]]o0
I i A




Adjacency Matrix

Vertices

v eV
e c &

Graph:

G=,¢£) Edges

Incidence Matrix: D < RIVIxI€l

D =

IncidenceSVD D=U v

>
0

.
O_

Laplacian row “shape” matrix (squared)

L =DD! =

32 0
0 O

UT

Edge-Laplacian col “shape” matrix (squared)

VT

Le=D'D = V|, |

e = (v,v")

Laplacian L = DD = A-A
Degree JAN — N i
Matrix [ ]m} Ny diagonal
Adjacency Al - 1 ;ife=(v,0)eé&
Matrix v’ 0 ; otherwise
Powers of Node 1 Node?  Nodes
Adjacency * * * * * * *
<« [0 1 0 o] fo 1 0 1 0
«— |! o-.o 1 0110
«— (0100 1[0 10 01
<« |1 1 00 1|11 0 01
<« |0 0[Lfo] 001 1 0
A A

IO»—LO}—\OI

O~ = O+~

_ o O = O

— O O R~

Start @

IOP—‘P—‘OOI

node 4

:Ob—\OOO:




Adjacency Matrix

Graph: Vertices ¢ € )/
G=(V,¢) Edges ec & e = (v,0)

Incidence Matrix: D < RIVIxI€l

—1 0 0 0 1 0
D — |1 -1 =1 0 0 0
o 1 0 0 0 -1 :
0 0 1 1 -1 0 LﬂplﬂClan L = DDT — A—-A
0 0 0 -1 0 1|
. S 0] Degree A — |\ :
Incidence SVD D=U 10 1% Matrix | ]w No| diagonal
_ _ Adjace_ncy [A] _ 1 ;ife=(w,0)e€
Laplacian row “shape” matrix (squared) Matrix or 0 ; otherwise
Thru Thru Thru
T '22 O' Powers of Node1 Node2 Node5 Start @
L — DD — U 0 0 UT Adjacency **** ¢¢ ¢ ¢ node 4
) ) # 3-step paths fromnode 4tonode 1 == [0 (1 0 ' ol o 1 0 1 o]l[o 1 o/ 1 o]]/ol
Edge-Laplacian col “shape” matrix (squared) ‘=@ rreren etz 4= |0 ?9 AT R 8
o _ : « |1 100 1{|1 10 o0 1|1 10 0 1|1
L L DTD L V Z O VT # 3-step paths from node 4 tonode 5 == |0 0 -' 0j 10 6 1. 1T 00 0 1T 1 0 0]
€ i O O_ A A A




Adjacency Matrix

Graph: Vertices ¢ € )/
G=(V,¢) Edges ec & e = (v,0)

Incidence Matrix: D < RIVIxI€l

D="%%0 0 ¢
0 1 0 0 0 -1 L g T
0011 aplacian L = DD' = A-A
. ) | Degree — :
Incidence SVD D =U ? 8 v Matric AL, = IV diagonal
Adjacency [A] - J1 s ife= (v,v") € &
Laplacian row “shape” matrix (squared) Matrix ov' 10 ; otherwise
o T '22 0 Powers of NEZ& NEZIZJZ NcTarc]jr;5 Start @
L=DD" = U 0 0 UT Adjacency ¢¢¢¢ I I I node 4
] ] <« [0 1 0 0] fo 1 0 1 0] o 1 0" 1 o] [0]
Edge-Laplacian col “shape” matrix (squared) k <« |l 0-.0 10 1 1 0] |1 0 171 0f10
[A} «— |01 00 1/]01 00 1]]01 00 1]]0
Y2 () vv! «— |1 1 0 0 1|11 00 1|]1 10 0 1|1
L — DTD — V VT # k-step paths <«— [0 OfEFo0l [0 01 1000 11 0]]o
€ i 0 0_ from node v to node Vv’ A A A




REVIEW: Nullspace - Column Geometry (Computation)

A=l a a”]= |4

Linear

A/ independent

columns

Coordinates of linear dependent columns:

B Bis Bis Bis
Bos  Bay DBoas

| |
A3 Ay As
BT

Nullspace basis:

AN =0

A1Bi3+ AsBss A1Biys+ AsBoy A1 Bi5+ AsBos

SRR
As A4 As
NN R
;_\/_/
/! lai:pe:r:dent
columns
A" =A'B

A:{A’ A’B]:A’[[ B}

Biz Bia Bis
B3z  Bay  Bas
—1 0 0
0 —1 0
0 0 -1

=— 2+ Bx" =0



REVIEW: Nullspace - Column Geometry (Computation)

A — A/ A,/ — Al AQ Ag A4 A5

Linear Linear

A/ independent A dependent
columns columns

Coordinates of linear dependent columns:

Y,
B:{BB B4 315} AT =AD

B33 B3y DBss A = [A/ A/B}P:A/{I B}P

RN
Ay Ay As

| | |
= |:A1312 + A3Bsz A1Bi14+ A3Bsy A1Bis + A3Bss

Nullspace basis:

N —p-1 " B| — [Bis Buu Bis

i, 1 0 0

- LT B33z  Bss Bss

AN =0 0 -1 0
0 0 -1




REVIEW: Nullspace - Column Geometry (Computation)

Linear Linear

A/ independent A dependent
columns columns

Coordinates of linear dependent columns:

Y,
B:{Bm B3 B15} AT =AB

Bao  Baiz DBys A:[A’ A'B}P:A/[I B}P

= pE A
Ay Az A

| | |
A1Bio +AyBys A1Bis+ AyBys A1 Bis + AyBys
| | |

Nullspace basis:

N —p-1L "Bl — [Bizs Buu Bis

i, 1 0 0

AN =0 R (R
Bys Bas Bas
0 0 -1




