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D contains a rooted out
branching as subgraph

proof used matrixTree
theorem characpolyn atUD

Convergence of Dap
followsby the Grigorian

DiskTheorem

as If D has a rooted outbranching
subgraph

XH otto I whereof1 1

In addition if D is
balanced

NH II 1 average consensus

Question This provides sufficientconditions

for convergence of nap to average
consensus

But Are these conditions
alsomessy



In fact something more stronger is true

Def A digraph is strongly connected if between

every two vesticies there exists a
directedpath

D withoutpinkedges is not stronly
connected

Tty But addingthese two edges
makes

the resulting digraph strongly
connected

D

Del A digraph is weakly connected if its

undirected disorientedversion is
connected

Gf ft Tty pis notsmugly
connected

but it is weaklyconnectedt I
D disoriented versionofD

fact If D is strongly
connected then it's weaklyconnected

Thins the DAP on D reachesthe averageconsensus

from every initial condition if andonly if

D is weakly connectedand balanced



Proof E if D is weakly
connectedand balanced

then it has to be strongly
connected why

EEETherefore D has a rooted out
branching subgraph

Thus because D is balanced bythe
above corollary

DAPconverges to the average
consensus I

conversely suppose the convergence
t average

consensus is achieved by DAP i.e
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by et
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Therefore I has to be gt eigenvectorof

L D By definition L D 1 0 Assume

ItLLP e 2 It for some 2

But then
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2 0 ITL D o D is balanced

next we have to showthat D
is weakly

connected Note
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1 or dim N LCD

rank LCD en l

Prop3.8 D has a rootedoutbranching

G is connected E



So far we have characterized
the behaviors

of both the AP on
undirectedgraph G and

theDap on digraph
D

next we will focus on the undirected Ap dynamics

Now syppose G has a factorizable structure

e.g

G G 92

it
U U2 V3

cotton Evans V4

QI Can we explain the AP dynamics
on G

as a function of the Ap dyn on G andGE

Yes we can Factorization Lemma



Def Given G v1 G G Va Er we

define the Cartesian Product

G G J Gr

as a graph with never set Vixvr

where vertices rive and Vivi are

adjacent v ar and avi eEz

Tunnel and Vivi eGi

Prof a ya
hit

gig
t

the same graphup t relabeling

2 9092789 I 9,8192093

3 if G G are both
connected then so is

GOG 2
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3 The motivating example 9 9,092

Primefactorizationofgraphs

Recall prime factorization of Natural
numbers 12 2 2 3

Def we say
a graph is prime if it

cannotbe factored

as a Cartesian productof non trivial
graphs

trivalgraph is just a single
node

Eia Tree graphs completegraphs why
9.1

Thin 3.24 meshahito

Every connectedgraph can be
factored as a Cartesian

product of prime graphs and It's unique up to
reordering



Recall the Kronecker product of two
matrices

AntunBEE
a B B and

and AnnB nu a ml

property a Btc A Be A e

LA B x A B A GB

ADB c A B c

A o a 0 A

V A B c D AC BD

Lemmy suppose G has n vertices then

Ge
m

L G D G a L G OEm nyy
this is called Kronecker sum

denotedby

LLG L Ga


