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Eigenvectors & Eigenvalues

Square matrix: A € R™*"

Eigenvalue/Eigenvector Problem

A transforms R™  ...which directions stay unchanged? ==  Eigenvectors

...within those directions...

...how much do vectors get stretched ==  Eigenvalues

Eigenvector Equation

A{E p— aj)\ Eigenvector €T & Cn Eigenvalue )\ -~ C
Spans of eigenvectors (& generalized eigenvectors) are called A-invariant subspaces

Eigenvalues:

Fundamental property of matrices
Do not change with coordinate/similarity transformations

Eigenvectors:

...coordinate dependent (do change with coordinate/similarity transformations)

Picture Examples:

c RQXQ

A= |4, a4,

L2
A= |4 A4
L1




Eigenvector/Eigenvalue equation

Square matrix: 4 ¢ R"X"™

Picture
For any eigenvalue A € C Examples:
Right Eigenvector: v ¢ C" RZ X 2

Av = v (A= Xv =0 v EN(A— )
Left Eigenvectors: w € C"

w*A =w*N  w(A-X)=0 w eN"(A-X)=0

For any eigenvalue, right and left eigenvectors come in pairs
since A — AI drops row and column rank at the same time

Eigenvectors exist only for values of s where A — sl drops rank...

...how to characterize.... wmlpp sI — A drops rank only when det(sI — A) =0

Characteristic Polynomial

char A(S) — det(s J — A) n-th order polynomial ) n roots
. . Fundamental
Roots are eigenvalues: A solutionto charg(s) =0 Theorem of Algebra

COLUMN GEOMETRY

Vi —

(see below)



Eigenvector/Eigenvalue equation

Square matrix: 4 ¢ R"X"™

Picture
For any eigenvalue A € C Examples:
Right Eigenvector: v ¢ C" RB X 3

Av = v (A= Xv =0 v EN(A— )
Left Eigenvectors: w € C"

WA =w\N wA-AN)=0 w' eN"(A-A)=0

For any eigenvalue, right and left eigenvectors come in pairs
since A — AI drops row and column rank at the same time

Eigenvectors exist only for values of s where A — sl drops rank...

...how to characterize.... wmlpp sI — A drops rank only when det(sI — A) =0

Characteristic Polynomial

char A(S) — det(s J — A) n-th order polynomial ) h roots
. . Fundamental
Roots are eigenvalues: A solutionto charg(s) =0 Theorem of Algebra

COLUMN GEOMETRY

(see below)



EigenveCtor/Eigenvalue PiCture Eigenvectors exist only for values of

s where A — sI drops rank...
For any eigenvalue A € C

Right Eigenvector: v ¢ C” Left Eigenvectors: W € (O& Characteristic Polynomial
" " . sI — A drops rank only when
Av = vA (A_)\[)UZO wA=w"A w (A_)‘[):O char4(s) = det(sl — A) =0
R _ql — oIl o1l=wr =7
A e R*%? A= |4, Al = |7 97| = |v wl M i
‘1 ‘2 __a/%"__ _ |1 ‘2_ _O )\2- __ Wér __
COLUMN ROW
GEOMETRY 2 GEOMETRY
Ag




Eigenvector/Eigenvalue Picture

Eigenvectors exist only for values of
s where A — sI drops rank...

For any eigenvalue A € C
Right Eigenvector: v ¢ C” Left Eigenvectors: W € Ccm Characteristic Polynomial
* " . sI — A drops rank only when
Av =vA (A B )\[)’U =0 w A =w'A w (A N A[) =0 char4(s) = det(sl — A) =0
R _ql — oIl o1l=wr =7
E ]R ‘1 ‘2 _—CLCQZ—’—_ |1 ‘2 _O )\2_ _ Wg B
COLUMN ROW
GEOMETRY T2 GEOMETRY v
] _ _ _ T
A=\ Az A=\
/ Al T ) o e JRA X1
drops rank 4 / opsrank e
for eigenvalue / for eigenvalue




EigenveCtor/Eigenvalue PiCture Eigenvectors exist only for values of

s where A — sl drops rank...
For any eigenvalue A € C

Right Eigenvector: v € C" Left Eigenvectors: W € Ccn Characteristic Polynomial
" " . sI — A drops rank only when
Av=vA (A-A)v=0 wA=w"A w (A— M) =0 char s (s) — det(sT — A) — 0
R _ql — oy o1=wr =
‘1 ‘2 __a/%"__ _ |1 ‘2_ _O )\2- __ WQCF __
COLUMN ROW
GEOMETRY wT o Vs GEOMETRY
1 -
] _ ‘ _ _
A— M1 A\ v




EigenveCtor/Eigenvalue PiCture Eigenvectors exist only for values of

s where A — sl drops rank...
For any eigenvalue A € C

Right Eigenvector: v ¢ C” Left Eigenvectors: W € Ccm Characteristic Polynomial
" " . sI — A drops rank only when
AU:U)\ (A_)\[)U:O wA=w"A W (A_)‘[):O char4(s) = det(sl — A) =0
R _ql — oy o1=wr =
‘1 ‘2 __a/%"__ _ |1 ‘2_ _O )\2- __ WQCF __
COLUMN ROW
GEOMETRY GEOMETRY v

A— NI

A — ol

[ ][- W -] [ =]




EigenveCtor/Eigenvalue PiCture Eigenvectors exist only for values of

s where A — sI drops rank...
For any eigenvalue A € C

Right Eigenvector: v € C" Left Eigenvectors: W € Ccn Characteristic Polynomial
" " . sI — A drops rank only when
AU:U)\ (A_)\[)UZO wA=w"A W (A_)‘[):O char4(s) = det(sl — A) =0
R _al T 1 [= Wi 7
A E RQXQ A= Al Ayl — flr — |\ VW )\1 0 1T,
o a2 ) L0 A = Wy =
COLUMN ROW
GEOMETRY | VA — GEOMETRY




EigenveCtor/Eigenvalue PiCture Eigenvectors exist only for values of

s where A — sl drops rank...
For any eigenvalue A € C

Right Eigenvector: v € C” Left Eigenvectors: W € C" Characteristic Polynomial
§ . sl — A drops rank only when
—_— * _ S—
Av = v (A _ )\[)’U =0 wA=w"A w (A )\[) =0 char4(s) = det(sl — A) =0
B T R e Mt I O O B PSR U (O B R L
A E RSXB A — Al AQ Ag — — CLCQF — o Vl VQ Vg 0 )\2 0 — WQT —
L e =L L L0 0 A [ W —
COLUMN ROW
GEOMETRY T3 GEOMETRY Z3
...................................... A3
9 L2
[,
_________________ A,




Eigenvector/Eigenvalue Picture

For any eigenvalue A € C

Right Eigenvector:
Av = v

A e R3%3

COLUMN
GEOMETRY

A— A

drops rank
for eigenvalue

veCt

(A—X)v=20

Left Eigenvectors:

w A = w"\

w e C"
w (A —A)=0
—aj — L | | ] A
— ag — o Vl V2 Vg 0
— a3 — o []Lo
ROW
GEOMETRY
A— A\
X2
drops rank

for eigenvalue

Eigenvectors exist only for values of
s where A — sI drops rank...

Characteristic Polynomial

sl — A drops rank only when

char4(s) = det(sl — A) =0

0 of[-wl—

Ao O | |— Wi —

0 A3][— Wi -
L3




Eigenvector/Eigenvalue Picture

For any eigenvalue A € C

Right Eigenvector: v ¢ C"
Av =0\ A-Xv=0

A e R3%3

COLUMN
GEOMETRY

A— M1

Left Eigenvectors:

w A = w"\

Eigenvectors exist only for values of
s where A — sI drops rank...

w e Cr Characteristic Polynomial

sl — A drops rank only when

* —_—

w (A - AI) =0 char4(s) = det(sl — A) =0
—a =] [ [ 0 o][-w{ —
—ag— — Vi Vs Vg 0 X O —WQT—

— a3 — L L0 0 A [— W5 —

ROW
GEOMETRY

A— M1




Eigenvectors exist only for values of
s where A — sI drops rank...

Eigenvector/Eigenvalue Picture

For any eigenvalue A € C
Right Eigenvector: v € C™ Left Eigenvectors: w € C” Characteristic Polynomial
5 5 sl — A drops rank only when
S * . S
Av =9\ (A-X)v=0 wA=w\AN wA-X)=0 char A (s) = det(s] — A) = 0
3X3 L —a; — - | | 1A 0 o] [-wil —
A E R A — Al A2 Ag — — Cbg — o Vl VQ Vg 0 )\2 0 — WQT —
] — a3 —. L L0 0 A - Wy —
COLUMN ROW
GEOMETRY GEOMETRY
A — Aol ’ A— N1
Vi
i _ , | ]
1M, — ] = A 0 - Wi -
V3 . 0 & )\38)\2][ V|71 ‘/’73 [ 0 )\3—)\2][— W3T —




EigenveCtor/Eigenvalue PiCture Eigenvectors exist only for values of

s where A — sI drops rank...
For any eigenvalue A € C

Right Eigenvector: v € C™ Left Eigenvectors: w € C” Characteristic Polynomial
5 5 sl — A drops rank only when
Av=vA (A-Av=0 wA=w"A w™(A = Al) =0 char 4(s) = det(s] — A) =0
R —a; — L T
A E RSXS A — Al A2 Ag — — Cbg — — Vl VQ Vg O
R —az — ] Lo
Wy
COLUMN ROW
GEOMETRY | GEOMETRY
A — N3l A — A3l




Diagonalization

Square matrix: 4 ¢ R"X"™

Assume char4(s) = det(sI — A) has n distinct roots

Eigenvalues: eig(A) = {)\1,--- ,)\n} with

Right Eigenvectors:

Left Eigenvectors:

W —WiA—

W WA

Assuming V & W are chosen with compatible
orderings and lengths of columns/rows...

v=1\v .. Vv, AV = AV, --- AV,

WA= : =

B ] B 1M -+ 0
= |ViA -V \, ViVl 5
i | i | _0 )\n_
N——
D
A W] A1 0] [-W;—]
__)‘an;Lk T 0 )\n_ _W; -
H/_/
D
Vi=w

= VD

= DW

AV =VD

-» A=VDV!

WA=DW

—p A=W'DW



Diagonalization

Square matrix: A € R™™™  assume char(s) = det(sI — A) has n distinct roots

Eigenvalues: eig(A) = {)\1, .y ,)\n} with A £ Ao F£ -+ £ A,

Diagonalization Vv = |- W || |
A- v D Vv S
= [W:V; wv,] = |1 0
- - -‘ ]__>\1 o 0 [= Wy =] :
A= s 5 ' WiV Wavil o 1
1 L 1o N ' - L i
—_—— ——— ——
...from off diagonalterms WV, =0 j #1
eigen- values eigen-

vectors (on diagonal) vVectors

Sum of
) ) ) | _ rank-1
A= W _} matrices
A — E Vv, [AZ] [ 1
i 1 7 ‘ Dyadic

Expansion

Vi

...from diagonal terms

‘/;;7Wi

orthogonal to all other Wj

can be scaled
so that W'V, =1



Diagonalization - Similarity Transform

Square matrix: A € R™™™  assume char(s) = det(sI — A) has n distinct roots

Eigenvalues:  eig(A4) = {)‘17 o 7)‘”'%} with Ay 7 A2 7 -+ # Ay A is similar to a diagonal matrix
Diagonalization ...transform into eigenvector coordinates
| r=Vax y =V
y = Ax
Du N | Vy = AV’
1 L Lo o o] oW — y' =V AV
— Y~ y =V VDV Vs
Right Eigen- Left y = Dz’
eigen- values eigen-
vectors (on diagonal) vVectors
Sum of _yi_ ')\1 O' ‘x/l‘ )\13:.
- _ R rank-1 | | S |
| [)\Z] [— W= _} matrices T | ; o
A | = Vi ’ L 0 - M\ |l2) A, 2
. - 7 | Dyadic - - - -
-7 EXxpansion

:\



Diagonalization - Matrix Multiplication

Square matrix: A € R™™™  assume char(s) = det(sI — A) has n distinct roots

Ei lues: eig(A) = {\,- - '
igenvalues:  eig(A) = {A1,--- , An}  with A #£ X # -+ # )\, Interpretation of

: L. Matrix Multiplication
Diagonalization

A= Vv D V! M P o WA
A rl=Vi - Vall: ; : T
L - o _ | N 1o o x| oW ]
‘ ] Ao 0 - W — - - L= ) - I
_ i i ‘ | 110 - Ay - W, -] Wiz transforming
: into eigen-
N— N Y= Wox]  vector coords
Right Eigen- Left
eigen- values eigen-
vectors  (ondiagonal) Vvectors
Sum of
) _ ) | _ rank-1
)\. _ x _ matrices
YD FA Y S L S
4| = Vi
i 1 i ‘ Dyadic

Expansion



Diagonalization - Matrix Multiplication

Square matrix:

Eigenvalues:

A e R

eig(A): {)\1,“' ,)\n} with Al#)\z##An

Diagonalization

A —

Right

eigen-
vectors

2

()

assume char4(s) = det(s] — A) has n distinct roots

Eigen-
values

(on diagonal)

Rl

- wr —

V—l

Left
eigen-
vectors

W

0 _}

Sum of
rank-1
matrices

Dyadic
Expansion

Interpretation of
Matrix Multiplication

B 07— Wy —]]]
E E E X
_ 0 >‘n_ T W; - ‘
W} v transforming
: iInto eigen-
Wypx|  vector coords
Wiz Scaling
; each coord
AW by eigenvalue




Diagonalization - Matrix Multiplication

Square matrix: A € R™™™  assume char(s) = det(sI — A) has n distinct roots

=i lues: 1o(A) = T A1, , A\, | n .
igenvalues:  eig(A) = {A1,-o- Ay with  Ar £ Ap # - # ) Interpretation of

Diagonalization Matrix Multiplication

A _ V D V—]. - "" " "')\1 e 0 [ W =T _‘
A =1 - V| f f -
) L - - ] | R 1o o = W =]
| T - 0] Wr - - -
i _ i | | 110 - A= W) — W}*x_ transforming
—— —— —— Wiz]  vestor coords
Right Eigen- Left E/_/
eigen-  yalyes  ©igen- e I
vectors  (ondiagonal) Vvectors \Wrg| Py eigenvalue

Sum of

| ) o rank-1 A/_/
A | = Z ‘LL [Az] [_ Wz* —} matrices

i _ ] ‘ Dyadic
Expansion

* * :
VixiWiz 4+ -+ VoA, W Transforming back

into regular coordinates




Diagonalization - Matrix Multiplication

Square matrix: A € R™™™  assume char(s) = det(sI — A) has n distinct roots If x is an eigenvector...

Eigenvalues: eig(A) = {Ar,--- A,}  wi A |
igenvalues:  eig(A) = (A1, -+ Anf with A1 # g 7 -0 # A Interpretation of AV.
7

: . Matrix Multiplication
Diagonalization

A- v D v R R O s I
A rl=Vi - Vall: ; : T
- - - _ | N 1o o ] - wr =]
| S T U I e - - L - - Bl
A — V]_ Vn . . — _O_HH
_ i i ‘ | 110 - A= W) — 1 Orthogonal
: to all other
e N e 0 left eigenvectors
Right Eigen- Left
eigen- values eigen-
vectors  (ondiagonal) Vvectors
Sum of
) ) _|_ rank-1
i || — o matrices
YD FA Y S L S
4| = Vi
i 1 i ‘ Dyadic

Expansion



Diagonalization - Matrix Multiplication

Square matrix: A € R™™™  assume char(s) = det(sI — A) has n distinct roots If x is an eigenvector...

=i lues: 1o(A) = T A1, , A\, | Ce n .
igenvalues:  eig(A) = {A1,--, Anf  with Ar# Mg # -0 # A Interpretation of AV
7

Diagonalization Matrix Multiplication

A- v D V! O p o o W
A |lz| = 1|V - Vnl]: z s x
1 e 0] W At Lo = L
A — V]_ Vn . . — _O_HH
_ i _‘ | 110 - A= W) — 1 Orthogonal
: to all other
R g vV 0 left eigenvectors
Right Eigen- Left 07
I i - | Scaled
eigen values eigen N by specific
vectors (on diagonal) vectors ; eigenvalue
Sum of |0
_ _ _ - rank-1
E | [ A z] [— Wz* —} matrices
A | = V:
i 1 i ‘ Dyadic

Expansion



Diagonalization - Matrix Multiplication

Square matrix: A € R™™™  assume char(s) = det(sI — A) has n distinct roots If x is an eigenvector...

=i lues: 1o(A) = T A1, , A\, | Ce n .
igenvalues:  eig(A) = {A1,--, Anf  with Ar# Mg # -0 # A Interpretation of AV
7

Diagonalization Matrix Multiplication

A- v D v R R O s I
A |zl =" - Val|: z s x
] S o - o | B 1o o x| oW ]
| A e O W - - - L - -
A = |\ Vil - : — 'O'H/_/
_ i i ‘ | 110 - A= W) — 1 Orthogonal
e N e _ 0 | Ieftt(e)iggr?\;[gs{ors
Right Eigen- Left %/—/
eigen- values eigen- f bysssleeccilfic
vectors (on diagonal) vectors A eigenvalue
Sum of 0

| ) o rank-1 A/_/
A | = Z ‘LL [Az] [_ Wz* —} matrices

)\ , V Select out that
i i i | Dyadic v 71 specific eigenvector

Expansion



Diagonalization (non-unique) case 1: ordering

A€ R"™™ assume chars(s) = det(sI — A) has n distinct roots

eig(A): {)\1,“' ,)\n} with )\1#)\2##)\”

Square matrix:

Eigenvalues: P c RXn

Permutation Matrix

Diagonalization Shuffle columns (or rows) of identity...

0 1 0 O]
V—l Ex. P=11 0 0 o Pip =1
V D R
N [ 01— Wy -] | 7 [ 0] [- Wy -]
" V] f f — Vi Vi ; : ;
1 L 1o o = W - N I I D W I P
—_— —— ——
Right Eigen- Left
eigen- values eigen- Shuffling eigenvalues
vectors  (ondiagonal) Vectors and eigenvectors
Sum of
) _ _ | _ rank-1
| — R matrices
A | = g 1V [)"LH W@ } 4=  Order of sum does not matter...
1
i _ ] ‘ Dyadic

Expansion



Diagonalization (non-unique) case 1: ordering

Square matrix:

Eigenvalues:

A e R

eig(A): {)\1,“' ,)\n} with )\1#)\2##)\”

Diagonalization

0 1 0 O]
V—l Ex. P=11 0 0 o Pip =1
A V D R
I ] | ] M o1[- wy - B | A1 0"
A Vi Vil | } . = Vi Vol P Pt ] f P Pt
R B 1o o = wr =] L | 0 An_
—_— —— ——
Right Eigen- Left
eigen- values eigen- Shuffling eigenvalues
vectors  (ondiagonal) Vectors and eigenvectors
Sum of
) _ _ | _ rank-1
| — * matrices
A | = g 1V [)‘@] [ W@ } 4=  Order of sum does not matter...
1
i _ ] ‘ Dyadic

assume char4(s) = det(s] — A) has n distinct roots

Expansion

Permutation Matrix

P c Ran

Shuffle columns (or rows) of identity...




Diagonalization (non-unique) case 1: ordering

Square matrix: A € R™™™  assume char(s) = det(sI — A) has n distinct roots

Eigenvalues:  eig(A) = {A1,-, An}  with Ap #Xp # -+ # Ay Permutation Matrix P € R"*"

Diagonalization Shuffle columns (or rows) of identity...

A _ V D V—l Ex. =

PI'p =7

IHOOOI

oo O =
OO =k O

o = o o

| 1 [A - O] [ WP =
4= Vol ; z '
1 L I U W ) [
—_— e —— ——
Right Eigen- Left
eigen- values eigen- Shuffling eigenvalues
vectors  (ondiagonal) Vectors and eigenvectors
Sum of
_ _ _ | - rank-1
2 : = o tri
A | = 1V [)‘@] [ W@ ] e 4=  Order of sum does not matter...
- - ) | Dyadic

- T Expansion



Diagonalization (non-unique) case 1: ordering

Square matrix: A € R™™™  assume char(s) = det(sI — A) has n distinct roots

Eigenvalues:  eig(A) = {A1,-, An}  with Ap #Xp # -+ # Ay Permutation Matrix P € R"*"

Diagonalization Shuffle columns (or rows) of identity...

A _ V D V—l Ex. =

PI'p =7

IHOOOI

oo O =
OO =k O

o = o o

| 1 [A - O] [ WP =
1 L I U W ) [
—_— —— ——
Right Eigen- Left
eigen- values eigen- Shuffling eigenvalues
vectors  (ondiagonal) Vectors and eigenvectors
Sum of
_ _ _ | . rank-1
2 : = o tri
A | = 1V [)‘@] [ W@ ] e 4=  Order of sum does not matter...
- - ) | Dyadic

- T Expansion



Diagonalization (non-unique) case 1: ordering

Square matrix: A € R™™™  assume char(s) = det(sI — A) has n distinct roots

Eigenvalues:  eig(A) = {A1,-, An}  with Ap #Xp # -+ # Ay Permutation Matrix P € R"*"

Diagonalization Shuffle columns (or rows) of identity...

A _ V D V—l Ex. =

PI'p =7

IHOOOI

oo O =
OO =k O

o = o o

| 1 [A - O] [ WP =
1 L I U W ) [
—_— —— ——
Right Eigen- Left
eigen- values eigen- Shuffling eigenvalues
vectors  (ondiagonal) Vectors and eigenvectors
Sum of
_ _ _ | . rank-1
2 : = o tri
A | = 1V [)‘@] [ W@ ] e 4=  Order of sum does not matter...
- - ) | Dyadic

- T Expansion



Diagonalization (non-unique) case 2: scaling

Square matrix:

Eigenvalues:

Diagonalization

A e R

eig(A): {)\1,“' ,)\n} with Al#)\g##An

V—l

\ g 01~ wr -
& Vall : z ;
| Lo o] - oW —
N—— = Y=
Right Eigen- Left
eigen- values eigen-
vectors (on diagonal) vVectors
| >k
E ‘|/ P‘i”_ W, —}

0 \

Sum of
rank-1
matrices

Dyadic
Expansion

-

assume char4(s) = det(s] — A) has n distinct roots

diagonal matrices

commute...
] [ME 0~ wi -
Vol | s :
In *
1] o P | e
Scaling

eigenvectors

Order of sum does not matter...



Diagonalization (non-unique) case 2: scaling

Square matrix:

Eigenvalues:

A e R

eig(A): {)\1,“' ,)\n} with Al#)\g##An

Diagonalization

assume char4(s) = det(s] — A) has n distinct roots

diagonal matrices

commute...
A v D VT
-1 T T 01— Wy - | T - 0]\ 0[5 0- wi
A i Vall ; ; = |\ Vil A | 5
i | B |__() W B - N MK ]| 0 An |L O 7%-_ W
—_— e —— ——
Right Eigen- Left
eigen- values  €lgen- Scaling
vectors  (ondiagonal) Vectors eigenvectors
Sum of
) _ _ | _ rank-1
| — R matrices
A | = g 1V [)"LH W@ } 4=  Order of sum does not matter...
1
i _ ] ‘ Dyadic

Expansion




Diagonalization (non-unique) case 2: scaling

Square matrix: A € R™=™

Eigenvalues:

Diagonalization

eig(A): {)\1,“' ,)\n} with Al#)\g##An

1% D v

| | A - 0] W =]
& Vall : z '

B 1o o |- W -
N N e
Right Eigen- Left
eigen- values  ©lgen-

vectors (on diagonal) vVectors

S W =

0 \

Sum of
rank-1
matrices

Dyadic
Expansion

-

assume char4(s) = det(s] — A) has n distinct roots

diagonal matrices

commute...
- r -r 1 * .
| Moo 0] W -
Vi | ; :
1 *
| 410 )\n_ o W_an o
v
Scaling

eigenvectors

Order of sum does not matter...



Spectral Mapping Theorem

Square matrix: A € R™™™  assume char(s) = det(sI — A) has n distinct roots

Eigenvalues: eig(A) = {)\1, .y ,)\n} with A £ Ao F£ -+ £ A,
Diagonalization A=VDV 1

Powers of A AF = VDV Ix VDV x...x VDV !
= VDV 'vDVvt...vDV!

— VDFy !
Polynomials of A

polynomial \IJ(S) — aksk + ozk_lsk_l + ak_gsk_z + -4+ 18+ apl \IJ(A)

plugging in A...

\IJ(A) — Ozk;Ak + Ckk._lAk_l + Ckk._QAk_Q + o+ a1+ agl

= o, VD"Vl 4 VDWWl o oVDR 2V 4o VDV 4 VTV

— V(Ckak +ap 1DVt ap oD+ -4+ a D+ aol) v

A¥ =vVD'V !




Spectral Mapping Theorem

Square matrix: A € R™™™  assume char(s) = det(sI — A) has n distinct roots

Eigenvalues: eig(A) = {)\1, .y ,)\n} with A £ Ao F£ -+ £ A,

Diagonalization

A=VDV~!

Powers of A

= VDV 'vDVvt...vDV!

— VDFy !

Polynomials of A

pol

V(A) = V(aka +ap_ 1D+ ap_ oD 4+ 41D+ 040]) Vamt.

ynomial U(s) = aksk + ozk_lsk_l

+ o8t

A =VDV ! x VDVt x...xVDV™!

s

pectral Mapping Theorem for f(s) analytic

Aceig(A) wp f(N) € eig(f(4))

A, f(A) have the same eigenvectors

~

‘4 4 as+ ol

J

A¥ = VDRV !




Spectral Mapping Theorem

Square matrix: A € R™™™  assume char(s) = det(sI — A) has n distinct roots

Eigenvalues: eig(A) = {)\1, .y ,)\n} with A £ Ao F£ -+ £ A,

Diagonalization A=VDV ! AF = VDY
Powers of A A* =VDV I x VDV i x...xVDV™}! I TN -+ 0T
= | V ||: : 1
= VDV 'vDVvt...vDV! 5 N
=VD"V~!
Polynomials of A Specific Useful Case: Matrix Exponential
polynomial U(s) = aps®™ +ar 15"t +ap_os" 4+ Fags + apl et — T+ At + %A%Q + %A3t3 + ...
O
U(A) = V<CVka +ap_ 1D+ oD* P 4+ D+ 040[) v — Z %Aktk
(¢ A v
Spectral Mapping Theorem for f(s) analytic i A A
Derivative: — (6 ) = Ae

Aceig(A)  mp f(N) € eig(f(A))

- can see from polynomial definition
A, f(A) have the same eigenvectors P

- related to definition of e

J




Spectral Mapping Theorem

Square matrix: A € R™™™  assume char(s) = det(sI — A) has n distinct roots
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Polynomials of A Specific Useful Case: Matrix Exponential
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pectral Mapping Theorem for f(s) analytic
Aceig(A)  mp f(N) € eig(f(A))

A, f(A) have the same eigenvectors = |V 5 5 Vant!
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