
Agreement protocol
consensus

let us assign a scaler state x to each
node i in G undirected
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it only uses information locally

firs order agreementprotocol
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Circuit interpretation

replace the edges
with unit resistors

Connect a liner unitCapalitoromeach
nodetoground

let eachkilo denote the initial capacitorcharge at
node
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so Kirchhoff's currentvoltage law at node i implies
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butthis is thesame as ouragreementportal
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Agreementprotocol fordirectedgraph
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q Are
these procedures actually working towards an agreement

Define the Agreement set AEIR is the subspace span I
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Notethatboth agreement protocols are stationery on the
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recallthat L G 1 0 and L D I o



EgDo
these protocols actually converge to theagreementset it

Yes but conditionally

Undirected network G

2 ICH L G x where xc is prescribed

Recall that if G is connected then eigenvaluesof LG

satisfies
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Recall the solution to the firstorder liner differentialequation
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where we can compute etat as follows
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But note that u Ig why and as dice Hi 2

we can conclude that d67 0 as t o
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Thy Agreementprotocol s converges to the
agreementset it

if G is
converted withtherate 22 G

Note that data is the smallestpositive eigenvalueof L G
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QI Mew we know that connectivity is a sufficient condition

for convergence of AgreementPatrol on
undirectedgraphs

Is it also necessary forarbitay No 9.1 Yes why

Recall that G is connected iff Jaco o

Also G is connected iff it has a spanning tree

connected
spanning subgraphwith no cycles

containing all originalnodes

so having spanning tree is the
minimal nec andsalt Condition

for convergence of I

what happens if G is not connected

Consider G with exactlytwo
connected components

Given to does 2 converges 4 if yes can we

characterize its limitpoints andhow they
are related

to Xo 4 Howabout its convergence rate 4

Hint doo butd o findthecorresponding eigenvectors

andexplore similar analysis to the connected case



 

Now assume D is a directedgraph then
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with L D e Din D Ain D

Similar to the undirected version
we want to

understand the Limit set
and g

behaviorof thistnamic

III N up at Its limitsetof nap dynamics

whataboutthe inverse inclusion41 morecomplicatedthan undirectedversion

Def A digraph D is rooted out
branching if

1 it does not contain a
directed cycle
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s t
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In this case N LCD A

Proof It suffices to show that e has
algebraicmultiplicity

one if D contains a
rooted outbranching as

a subgraph

why

because we knowthat I E N LCD
therefore rankLCD s n 1

with equality if o is a simpleeigenvalue

now characteristic polynomial of L D
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