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Definition 2.1.2. Let X € £ be a random variable on (2, F,P), and let G C F be a
finite o-algebra generated by the partition { A }x=1,... . Then
—_—

E(X|G) = Y E(X[4) La,,
k=1
where E(X|A) = E(XI4)/P(A)if P(A) > 0 and we may define E(X|A) arbitrarily
if P(A) = 0. The conditional expectation thus defined is unique up to a.s. equivalence,
i.e., any two random variables Y, Y that satisfy the definition obey Y = Y a.s. (why?).

Remark 2.1.3. X € £! ensures that E(X|Ay) is well defined and finite.

Definition 2.3.1 (Kolmogorov). Let X € £! and let F be any o-algebra. Then
E(X|F) is, by definition, the unique F-measurable random variable that satisfies the
relation E(/4 X) = E(I4E(X|F)) for all events A € F.

This is usually taken as the starting point in developing conditional expectations,
but with your knowledge of martingales it should now be evident that this is just the
limiting case of the familiar discrete conditional expectation, but in disguise. On the
other hand, this definition is often much easier to deal with: the definition itself does
not involve taking any limits (the limits are only involved in proving existence of an
object that satisfies the definition!)
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The following property makes precise the idea that E(X |F) can be interpreted as
the best estimate of X given the information . In other words, we give the condi-
tional expectation (a probabilistic concept) a statistical interpretation.

Proposition 2.3.3 (Least squares property). Let X € L2. Then E(X|F) is the
least-mean-square estimate of X given F, i.e., E(X|F) is the unique F-measurable
random variable that satisfies E((X — E(X|F))?) = minyeg27 E(X — Y)?),
where L2(F) ={Y € L? : Y is F-measuraple}.

Beside its statistical interpretation, you can also interpret this result geometrically:
the conditional expectation E(X |F) is the orthogonal projection of X € L£? onto the
linear subspace £2(F) C L£? with respect to the inner product (X,Y) = E(XY).



Proof. First, note that E((X — Y)?) is finite for any Y € L£*(F) by Hoélder’s inequality.
Clearly E((X — Y)?) = E((X — E(X|F) + E(X|F) —Y)?). But A = E(X|F) — Y is F-
measurable by construction, so using the elementary properties of the conditional expectation
(and Holder’s inequality to show that XA € L") we see that E(E(X|F)A) = E(XA). Thus
E((X —Y)?) = E(X — E(X|F)?) + E(A?). [Recall the geometric intuition: A € £*(F)
and E( X |F) is the orthogonal projection of X onto £L*(F),so H = X — E(X|F) L L*(F),
and thus (H, A) = E(HA) = 0.] The least squares property follows, as E(A?) > 0.

To prove that the minimum is unique, suppose that Y is another F-measurable random
variable that minimizes E((X — Y)?). Then E((X — Y.)?) = E((X — E(X|F))?). But by
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the general formula above, E((X — Y.)?) = E((X — E(X|F))?) + E(E(X|F) — Yi)?). It
follows that we must have E((E(X|F) — Y.)?) = 0; this implies that E(X|F) = Y. as. O
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Definition 2.4.5. Let X; be a stochastic process on some filtered probability space
(Q, F,{F:},P) and time set T C [0,00[ (e.g., T = [0,7] or [0,00[). Then X, is
called adanted if X is F:-measurable for all £. is called measurable if the random
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variable X :TxQ — Ris B( ) x F —measurable and is called progresswely
measurable 1f X.:]0,t]NT x Q@ — Ris B([0,¢] N'T) x F;-measurable for all ¢.

What do these definitions mean? Adapted you know; measurable means that

t
Y, = / Xsds is well defined and F-measurable,
0

and progressively measurable means that

t
Y; = / Xsds is well defined and F;-measurable;
0

in particular, progressive measurabilify guarantees that the process Y; is adapted.’
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Definition 1.6.5. Given two measurable spaces (21, F1) and (Q2, F5), we define the
product space Q1 x Qo = {(w1,ws2) : w1 € 1, wa € Qa}. The product o-algebra
on 1 X y is defined as Fy x Fa = {p1, p2}, where p; : Q1 x Qa — Q; are the
projection maps p; : (w1,wsz) — wi and pg : (w1,ws) — wa.

Theorem 1.6.6. Let (Qq,F1,P1) and (2, F2,P3) be two probability spaces, and
denote by p1 : Q1 X Qo — Qq and pa : Q1 X Qo — Qy the projection maps.

1. There exists a unique probability measure Py x Py on Fy x Fa, called the
product measure, under which the law of p1 is Py, the law of ps is Py, and py
and py are independent Q) - and Qs-valued random variables, respectively.

2. The construction is in some sense unique: suppose that on some probability
space (2, F,P) are defined an S-valued random variable X (with law px)
and a T-valued random variable Y (with law vy ). Then the law of the S x T-
valued random variable (X,Y) is the product measure px X py.

I f Q1 x Qy — Ris Fy x Fa-measurable, then f(wi,-) : Q2 — Ris
Fa-measurable for all wy, and f(-,ws) : Q1 — R is Fy-measurable for all wo.

4. (Tonelli) If f : Q1 x Qo — Ris F1 X Fao-measurable and f > 0 a.s., then

Ep, xp,(f) = Ep, [/f(whwz)ﬂml(dwl)} = Ep, [/f(whw)lpz(dwz) .

In particular, these expressions make sense (the inner integrals are measurable).

5. (Fubini) The previous statement still holds for random variables f that are not
necessarily nonnegative, provided that E(| f|) < oc.
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3) Lemma 2.4.8. Let X, be an a.s. nonnegative stochastic process with continuous sam-
ple paths. Then E(liminf, X;) < liminf; E(X;). If there isaY € L' such that
X <Y as. forall t, then E(lim sup, X;) > limsup, E(X;).
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