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Definition 1.5.1. Let X be a random variable and {X,} be a sequence of random
variables on the probability space (2, F, P).

1. X, » Xas ifP{w e Q: X,(w) = X(w)}) = 1 (why is this event in F?).
2. X,, — X in probability if P(|X,, — X| > &) — 0 as n — oo forevery ¢ > 0.
3. X, » X inLPif || X,, — X||, » 0asn — oo.
4

. Xn — X in law (or in distribution, or weakly) if E(f(X,)) — E(f(X)) for
every bounded continuous function f.

Proposition 1.5.2. Let X be a random variable and { X ,,} be a sequence of random
variables on the probability space (Q, F,P). The following implications hold:

1. X, - Xas. = X, — X inprobability. #
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2. X, > XinlP => X, — X inprobability. éf I gere ‘
3 Xn— XinlP = Xn,— Xinll(q<p) Gé
4. X, — X inprobability — X, — X inlaw. #
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pose there exists a nonnegative Y € LP, withp > 1, such that | X,| <Y a.s. for all

(O (',7) Theorem 1.5.12 (Dominated convergence). Let X,, — X in probability, and sup-
n. Then X and X, are in LP foralln, X,, — X in LP, and E(X,,) — E(X).
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Theorem 1.5.10 (Monotone convergence). Let { X,,} be a sequence of random vari-
ables such that0 < X; < X5 < ...as. Then E(X,,) / E(lim, o Xp).

L, gointwise |

Lemma 1.5.11 (Fatou’s lemma). Let {X,} be a sequence of a.s. nonnegative ran-
dom variables. Then E(liminf X)) < liminfE(X,,). In there exists a Y such that
Xn <Y as. forallnand E(Y) < oo, then E(limsup X,,) > limsup E(X,,).
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Definition 1.6.1. If 4 : Q@ — S is measurable, then the map p : S — [0, 1] defined by

u(A) = P(h~1(A)) is a probability measure (why?), called the induced measure.
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Definition 1.6.2. Let (2, F,P) be a probability space.
1. A countable set of events { A, }ner C F are independent if
P(Ag, NAg, NN Ag,) =P(Ar,) P(Ag,) - - P(Ag,),
for all finite (n < oo) subsets {k1, ..., k, } of the index set I.

2. A countable set {G,, }ner of o-algebras G,, C F are independent if any finite
set of events Ay, ..., A, from distinct G, are independent.

3. A countable set { X, } s of random variables are independent if the o-algebras
generated by these random variables X,, = (X)) are independent.
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Definition 2.1.2. Let X € £! be a random variable on (£, F,P), andlet G C F be a
finite o-algebra generated by the partition { Ay }x=1,... . Then
ﬂ

E(X|G) =Y E(X|Ax) L,
k=1

where E(X|A) = E(X1,4)/P(A) if P(A) > 0 and we may define E(X|A) arbitrarily
if P(A) = 0. The conditional expectation thus defined is unique up to a.s. equivalence,
i.e., any two random variables Y, Y that satisfy the definition obey Y = Y a.s. (why?).

Remark 2.1.3. X € £! ensures that E(X|Ay) is well defined and finite.

0 Probability space Q = [0,1] 1 0 Probability space Q = [0,1] 1

Figure 2.1. Illustration of the discrete conditional expectation on ([0, 1], B([0, 1]), P), where P
is the uniform measure. A random variable X is conditioned with respect to a discrete random
variable Y (left) and with respect to two discrete random variables Y, Z (right). This amounts
to averaging X (w.r.t. P) over each bin in the partition generated by Y and Y, Z, respectively.
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E(X|Y) E(X]Y,) EX|Y3) EXY)

0  Probab.spc. Q 1 0  Probab.spc. Q 1 0 Probab.spc. QO 1 0 Probab.spc. Q 1

Figure 2.2. We would like to calculate E(X|Y), where I is the uniform measure on the interval,
X :[0,1] — R is some random variable and Y : [0, 1] — Ris given by Y (z) = = forz < 1,
Y(z) =1 — zforz > }. Intuitively we should have E(X|Y)(z) = 1 X(z) + 31X (1 — z),

-2
but definition 2.1.2 does not allow us to conclude this. However, a sequence of approximations
covered by definition 2.1.2 appears to give rise to the expected result. But how to prove it?
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Definition 2.3.1 (Kolmogorov). Let X € L! and let F be any o-algebra. Then
E(X|F) is, by definition, the unique F-measurable random variable that satisfies the
relation E(I4 X)) = E(I4E(X|F)) for all events A € F.

This is usually taken as the starting point in developing conditional expectations,
but with your knowledge of martingales it should now be evident that this is just the
limiting case of the familiar discrete conditional expectation, but in disguise. On the
other hand, this definition is often much easier to deal with: the definition itself does
not involve taking any limits (the limits are only involved in proving existence of an
object that satisfies the definition!)

Lemma 2.1.4. Let X,Y € L' be random variables on (Q, F,P), let G, H C F be
finite o-algebras, and let o, 3 € R.



1. E(aX + BY|G) = aE(X) + BE(Y) a.s.
2. If X >0a.s., then E(X|G) > 0 a.s.

2.1. Conditional expectations and martingales: a trial run 49
3. E(E(X|G)) = E(X).
4. Tower property: if H C G, then E(E(X|G)|H) = E(X|H) a.s.
5. If X is G-measurable, then E(X|G) = X a.s.
6. If X is G-measurable and XY € L', then E(XY|G) = X E(Y|G) a.s.
7. If H and 0{ X, G} are independent, then E(X |c{G, H}) = E(X|G) a.s.
8. If H and X are independent, then E(X|H) = E(X) a.s.
9. Monotone and dominated convergence, Fatou’s lemma, and Jensen’s inequality

all hold for conditional expectations also; e.g., if 0 < X1 < Xo < --- a.s,
then B(X,,|G) / E(lim,, X,,|G) a.s. (monotone convergence).

The following property makes precise the idea that E(X|F) can be interpreted as
the best estimate of X given the information F. In other words, we give the condi-
tional expectation (a probabilistic concept) a statistical interpretation.

Proposition 2.3.3 (Least squares property). Let X € L2. Then E(X|F) is the
least-mean-square estimate of X given F, i.e., E(X|F) is the unique F-measurable
random variable that satisfies E(X — E(X|F))?) = miny 27 E(X — Y)?),
where L*(F) = {Y € L? : Y is F-measurable}.

Beside its statistical interpretation, you can also interpret this result geometrically:
the conditional expectation E(X | F) is the orthogonal projection of X € L? onto the
linear subspace £2(F) C L2 with respect to the inner product (X,Y) = E(XY).

Proof. First, note that E((X — Y)?) is finite for any Y € £?(F) by Hélder’s inequality.
Clearly E((X — Y)?) = E(X — E(X|F) + E(X|F) — Y)?). But A = E(X|F) — YV is F-
measurable by construction, so using the elementary properties of the conditional expectation
(and Holder’s inequality to show that XA € £') we see that E(E(X|F)A) = E(XA). Thus
E((X —Y)?) = E((X — E(X|F)?) + E(A?). [Recall the geometric intuition: A € £*(F)
and E(X|F) is the orthogonal projection of X onto £L2(F),so H = X — E(X|F) L £L*(F),
and thus (H, A) = E(HA) = 0.] The least squares property follows, as E(A2) > 0.

To prove that the minimum is unique, suppose that Y is another F-measurable random
variable that minimizes E((X — Y)?). Then E((X — Yi)?) = E((X — E(X|F))?). But by

2.3. Conditional expectations and martingales for real 60

the general formula above, E((X — Yi)?) = E((X — B(X|F))?) + B(E(X|F) — Y.)?). It
follows that we mnst have T((TR( X 7)Y — V.)2) = (0 this imnlies that R( X | F) = V. a < M
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