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Definition 1.1.5. A o-algebra F is a collection of subsets of €2 such that

1. If A, € F for countable n, then | J,, A, € F. j Ou.nd‘ﬂ“(; swdersechbn '_/
2. If A€ F,then A° € F.

3. QeF. Z_-(a> ¢€F

An element A € F is called an (F-)measurable set or an event.

Definition 1.1.7. Let {A;} be a (not necessarily countable) collection of subsets of
Q. Then F = o{A;} denotes the smallest o-algebra that contains every set A;, and is
called the o-algebra generated by {A;}.

Tt B obriond At Hoe orsd X L2s’t onz Aﬂ%"a

dhat Condeins  HOY sH i S W”é'//e e -gj.cllzmm

To show um’jﬂe}m& , nedl /%4/' /}d ZF# /3o & "
nv(}‘ 0{,,&,@‘;”5 [ het nec- Crunh«’vlﬂ) Ao ﬂj f;" A af"’%d

e
_ Hw ﬁo‘{lhko“zﬂk@’/ﬂ%}’aﬁ/_. “/&}azz%m&}
Ho cllechin A inbrredon At A o )
’/
b .a={\,¢;~,5f ) sz(glz,;;f) .
Hon we con arSrel qw)sHarvS Lke

o0l 1 fo ¢ oé&[f b‘/tmcr c
Oo‘{L w#:%/; put 1 & Aopperil T 1 6]

Definition 1.1.11. A probability measure is a map P : F — [0, 1] such that
1. For countable {A,} s.t. A, N A, = @ forn # m, P(U,, An) = Y, P(44).
2. P(@)=0, P(Q) =1.
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Theorem 1.1.15. Let P be a probability measure on (R, B(R)). Then the function
F(z) = P(]—o0, z]) is nondecreasing, right-continuous, and F(z) — 0 as x — —oo,
F(z) — 1 as x — oo. Conversely, for any function F(x) with these properties, there
exists a unique probability measure IP on (R, B(R)) such that F(z) = P(] — o0, z]).
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Definition 1.3.1. An (F-)measurable function is a map f : Q — S from (Q, F) to
(S,8) such that f~1(A) = {w € Q: f(w) € A} € F forevery A € S. If (Q, F,P)
is a probability space and (.S, S) is a measurable space, then a measurable function
f: Q — Sis called an S-valued random variable. A real-valued random variable
(S =R, § = B(R)) is often just called a random variable. :g .
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Definition 1.5.1. Let X be a random variable and {X,,} be a sequence of random
variables on the probability space (2, F, P).

1. X, » Xas. if P({w € Q: X,,(w) — X(w)}) =1 (why is this event in F?).
2. X,, — X in probability if P(|X,, — X| > €) — 0 as n — oo forevery ¢ > 0.
3. X, — X in LP if | X, — X||, — Oasn — 0.
4

. X — X in law (or in distribution, or weakly) if E(f(X,)) — E(f(X)) for
every bounded continuous function f.

Proposition 1.5.2. Let X be a random variable and {X,,} be a sequence of random
variables on the probability space (0, F,P). The following implications hold:



1. X, » Xas. = X, — X inprobability. #

N
2. X, > XinlP = X, — X inprobability. é«é i g~ ‘
3 Xn—oXinlP = X,— XinLi(q<p) @4
4. X, — X inprobability — X, — X inlaw. #
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T Theorem 1.5.12 (Dominated convergence). Let X,, — X in probability, and sup-
(DC pose there exists a nonnegative Y € LP, with p > 1, such that | X,,| <Y a.s. for all
n. Then X and X, are in LP for alln, X,, — X in LP, and E(X,,) — E(X).
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Theorem 1.5.10 (Monotone convergence). Let { X, } be a sequence of random vari-
ables such that 0 < X1 < X5 < ...a.s. Then E(X,,) / E(lim,_,o Xp).

L—% Vu‘;v\‘h\fl.x l'

Lemma 1.5.11 (Fatou’s lemma). Let {X,} be a sequence of a.s. nonnegative ran-
dom variables. Then E(liminf X,) < liminfE(X,,). In there exists a Y such that
X, <Y as. forallnand E(Y) < oo, then E(limsup X,,) > limsup E(X,,).
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Definition 1.6.1. If 4 : Q — S is measurable, then the map x : S — [0, 1] defined by
u(A) = P(h=1(A)) is a probability measure (why?), called the induced measure.
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Definition 1.6.2. Let (Q2, F,P) be a probability space.
1. A countable set of events { A, }ner C F are independent if
P(Ak, M Ag, NN Ay, ) = P(Ak,) P(Ak,) - - - P(A,,),
for all finite (n < oo) subsets {k1, ..., ky } of the index set I.

2. A countable set {G, }ner of o-algebras G, C F are independent if any finite
set of events Ay, ..., A, from distinct G are independent.

3. A countable set { X, },,c 1 of random variables are independent if the o-algebras
generated by these random variables X,, = o(X,,) are independent.

Definition 1.6.5. Given two measurable spaces (Q4, F7) and (Q2, F2), we define the
product space Q1 x Qo = {(w1,w2) : w1 € Q1, wa € Qa}. The product o-algebra
on ; x Qs is defined as Fy; x Fo = o{p1, p2}, where p; : Q1 x Qy — Q; are the
projection maps p; : (w1, ws) — wi and py : (w1, ws) — wa.

Theorem 1.6.6. Let (Q, F1,P1) and (Q2, F2,P2) be two probability spaces, and
denote by p1 : 01 X Qo — Qy and pa : Q1 X Qo — Qg the projection maps.

1. There exists a unique probability measure Py x Py on F1 X Fo, called the
product measure, under which the law of py is Py, the law of ps is Py, and py
and ps are independent Q21 - and Q2-valued random variables, respectively.

2. The construction is in some sense unique: suppose that on some probability
space (2, F,P) are defined an S-valued random variable X (with law j1x)
and a T-valued random variable Y (with law py ). Then the law of the S x T-
valued random variable (X,Y) is the product measure [1x X fiy.

I f D x Qo — Ris Fi x Fa-measurable, then f(wi,-) : Q2 — Ris
Fo-measurable for all wy, and f(-,w2) : Q1 — R is Fi-measurable for all ws.

4. (Tonelli) If f : Q21 x Qo — R is Fy X Fo-measurable and f > 0 a.s., then

Ep, xp,(f) = Ep, {/f(whw)]}”l(dwl)] =Ep, {/ f(wlvwz)ﬂ”z(dw?)} :

In particular, these expressions make sense (the inner integrals are measurable).

5. (Fubini) The previous statement still holds for random variables f that are not
necessarily nonnegative, provided that E(| f|) < oc.
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Recall that we think of the Wiener process as the limit as N — oo, in a suitable sense,

of the random walk
[Nt

z(N) = Z

where &, are i.i.d. random variables with zero mean and unit variance. That there

Lemma 3.1.1 (Finite dimensional distributions). For any finite set of times t1 <
ty < -+ < tp, n < 00, the n-dimensional random variable (z:, (N), ..., z:, (N))
converges in law as N — oo to an n-dimensional random variable (z,,...,%4,)
such that i, , Ty, —Tt,,...,Tt, — T, , are independent Gaussian random variables
with zero mean and variance t1,ts — t1,. .., t, — t,_1, respectively.

Definition 3.1.3. A stochastic process W, is called a Wiener process if
1. the finite dimensional distributions of W, are those of lemma 3.1.1; and

2. the sample paths of W, are continuous.



