Lecture 15 and 16
Tuesday, March 3, 2026 8:39 PM
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Example 6.2.10 (Noisy observations of a Brownian motion).
If we modify the preceding example slightly, so that

(system) dX; = cdU;; E[Xo] =0, E[X?] = a?, ¢ constant
(observations) dZy = Xdt + mdV;,

the Riccati equation becomes

as 9 .2
or 2
m
This gives
2

mc+8)—Kexp<2Ct>, K- mc+a2’.

mec— s m mec—a
Or

( mCI; :Zgg 2ct;+1 ; if S(O) < mc

S(t) = § mc (constant) if S(0) = mc

K-exp(2ct)+41 .
\mcKexggg(t; : if S(0) > mec .

Thus in all cases the mean square error S(t) tends to mc as t — oo .
For simplicity let us put a = 0, m = ¢ = 1. Then

exp(2t) — 1
S) exp(2t) + 1 anh(t)
The equation for X ¢ 18
d)A(t = — tanh(t))/ftdt + tanh(t)dZ; , )?0 =0

or
d(cosh(t))/(\'t) = sinh(t)dZ, .



So

t

/sinh(s)dZs :

0

S 1
X, —
! cosh(t)

If we return to the interpretation of Z; :

t
a:/m@,
0

where H are the “original” observations (see (6.1.4)), we can write

t

= /smh VHds (6.2.31)

cosh
0

SO )?t is approximately (for large t) a weighted average of the observations
H, with increasing emphasis on observations as time increases.

Example 6.2.11 (Estimation of a parameter).
Suppose we want to estimate the value of a (constant) parameter 6, based
on observations Z; satisfying the model

dZ, = 0 M(t)dt + N(t)dB; ,

where M (t), N(t) are known functions. In this case the stochastic differential

equation for 6 is of course
dd =0,

so the Riccati equation for S(t) = E[(6 — 8,)?] is

(%59

which gives

S(t) = <SO‘1 +/tM(s)2N(s)_2ds>_l



and the Kalman-Bucy filter is

M(t)S(t)

do, =
TON@)?

(dZy — M (t)0,dt) .

This can be written
t
(so—l + / M(S)QN(S)_2dS> d, + M(t)2N(t)"20,dt = M(t)N(t)2dZ, .

0

We recoqnize the left hand side as

t

d( (50—1 +/M(s)2N(s)-2ds>é})
0

SO we obtain

R t
00Sy t + [ M(s)N(s)~2dZ,
0

So '+ [ M(s)2N(s)~2ds
0

This estimate coincides with the maximum likelihood estimate in classical
estimation theory if S;' = 0. See Liptser and Shiryaev (1978).
For more information about estimates of drift parameters in diffusions

and generalizations, see for example Aase (1982), Brown and Hewitt (1975)
and Taraskin (1974).

Theorem 6.3.1 (The Multi-Dimensional Kalman-Bucy Filter).
The solution X; = E[X¢|G:] of the multi-dimensional linear filtering problem

(linear system,) dX;=F(t)Xdt+C(t)dUy;
F(t)yeR™", C(t)eR"*P (6.3.1)
(linear observations) dZ;=G(t) Xdt+D(t)dV;
Gt)eR™*™ D(t)eR™*" (6.3.2)

satisfies the stochastic differential equation

dX, = (F — SGT(DDT)'G)X,dt + SGT(DDT) " dz, ; Xy = E[X)
(6.3.3)



where S(t): = B[(X; — X)(X;, — X,)T] € R™" satisfies the matriz Riccati
equation

% = FS+SFT - SG"(DDT)"'GS + cC™

S(0) = E[(Xo — E[Xo])(Xo — E[Xo))"].  (6.34)

The condition on D(t) € R™*" is now that D(t)D(t)T is invertible for all t
and that (D(t)D(t)T)~! is bounded on every bounded t-interval.

A similar solution can be found for the more general situation

(system) dX: = [Fo(t) + F1(t) Xt + Fa(t) Z¢]dt + C(t)dUy, (6.3.5)
(observations)  dZ; = [Go(t) + G1(t) Xt + Go(t)Zs|dt + D(t)dV; , (6.3.6)

where X; € R", Z; € R™ and B; = (U, V;) is n + m-dimensional Brownian
motion, with appropriate dimensions on the matrix coefficients. See Ben-
soussan (1992) and Kallianpur (1980), who also treat the non-linear case.
An account of non-linear filtering theory is also given in Pardoux (1979) and
Davis (1984).

For the solution of linear filtering problems governed by more general
processes than Brownian motion (processes with orthogonal increments) see
Davis (1977).

For various applications of filtering theory see Bucy and Joseph (1968),
Jazwinski (1970), Gelb (1974), Maybeck (1979) and the references in these
books.
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