Lecture 11
Tuesday, February 10,
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Proposition 5.2.4 (Kolmogorov backward equation). For g € C?, define

Y 5
4le) = 30 g Z Zam(@“ )7 ) g @)

Suppose that there is a bounded function u(t, z) which is C1 in t and C? in x, and a
bounded function f(x) in C?, such that the following PDE is satisfied:

0
5 u(t,z) = Lu(t, ), u(0,z) = f(x).

Then E(f(X:)|Fs) =u(t — s, Xs) a.s. forall 0 < s <t <T,ie., u(t,z) = P.f(z).
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Remark 5.2.5. The operator .Z should look extremely familiar—this is precisely the
expression that shows up in Itd’s rule! Not surprisingly, this is the key to the proof.
Z will show up frequently in the rest of the course.

Remark 5.2.6. You might wonder why the above PDE is called the backward equa-
tion. In fact, we can just as easily write the equation backwards in time: setting
v(t,x) = u(T — t, x) and using the chain rule, we obtain

0

5 v(t,x) + Lo(t,x) =0, (T, z) = f(x),

which has a terminal condition (at ¢ = 7T') rather than an initial condition (at ¢ =
0). For time-nonhomogeneous Markov processes, the latter (backward) form is the
appropriate one, so it is in some sense more fundamental. As we have assumed time-
homogeneity, however, the two forms are completely equivalent in our case.
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Proposition 5.2.8 (Kolmogorov forward equation). Assume that, in addition to the
conditions of theorem 5.1.3, b(z) is C* and o(z) is C2. For p € C?, define

Ze) =3 D W @p@) +5 3D 5 (™ @)o @)p(a).

Suppose that the density p;(x) exists and is C' int, C? in x. Then

9
8tpt

i.e., the density pi(x) of X must satisfy the Kolmogorov forward equation.

A Jow//néﬂ{ Q‘AW@%)

(x) = L*pe(x), t €10,7],
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