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Abstract—Control of large-scale networked systems often
necessitates modeling complex interactions amongst agents.
However, as the size of the network increases, modeling
these interactions often becomes exponentially expensive in
applications. In this paper, we propose a distributed model-
free policy iteration algorithm to design a feedback mechanism
for large networks of homogeneous systems. We assume that
the networked system is built upon an underlying information-
exchange graph allowing the distributed controller to synthesize
a feedback signal using information from adjacent agents. This
model-free approach provides a stabilizing distributed feedback
controller through a learning phase. In particular, a data-driven
control method is utilized to circumvent model uncertainties by
directly synthesizing a controller based on data that is obtained
from a relatively small subgraph of the original network.
Additionally, a stability margin is learned from data which
is then utilized to design a suboptimal distributed controller
for the entire network even during the learning phase. We
showcase the performance of our methodology by examining
distributed control scenarios involving modeling errors.

Keywords: Distributed policy iteration, Data-driven con-
trol, Networked control systems

I. INTRODUCTION

There has been a renewal of interest in distributed control
during the past few years mainly due to the complexity
in modeling and analysis of large-scale systems. From a
modeling viewpoint, the distributed character of the problem
can originate from the underlying interconnections, subsys-
tems’ objectives, and sparsity in the information exchange.
However, distributed (structured) control is an NP-hard
constrained optimization problem in general. As such, the
main focus in the area of distributed (structured) control
synthesis is not finding the optimal solution per se, but
an efficient control mechanism by exploiting the problem
structure. Such a trade-off has been rigorously examined for
a broad range of control applications such as robotic swarms,
power grids, and formation flight, just to name a few [1],
[2]. In this direction, sufficient graph-theoretic conditions
have been provided for stability of formations comprised
of identical vehicles [3] and, along the same lines, graph-
based distributed controller synthesis has been examined
in works such as [4]-[8]. The topic has also been studied
from a spatially distributed control viewpoint [9], [10] and a
compositional layered design approach [11]. Moreover, from
an agent-level perspective, the problem has been tackled for
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both homogeneous systems [4], [5], [7], and more recently,
heterogeneous networks [12].

In this work, we propose an LQR-based distributed model-
free policy iteration algorithm to find a set of stabilizing
controllers for a homogeneous network of identical linear
systems. Without the knowledge of system parameters, the
synthesis process leads to a data-driven feedback mechanism
for the entire networked system that is trained based on
data collected from only a (possibly small) portion of the
network. The proposed approach considers a system in
the homogeneous network corresponding to the node with
maximum degree in the underlying graph; we then build
the control mechanism using a clique subnetwork containing
this node via Q-learning-based policy iteration. The “clique
controller” is then extended to the entire network. Addition-
ally, we learn a stability margin for the control system of a
single agent in this network. The stability margin analysis
proves instrumental for the proposed synthesis procedure, as
it facilitates constructing a compounded suboptimal feedback
that is stabilizing for the entire networked system. We
also provide examples that showcase the usefulness of the
proposed approach for uncertain networked systems.

The remainder of the paper is organized as follows. In
§1II, we introduce the problem setup, the challenges involved,
and the motivations behind our approach. In §III, we present
and explicate our algorithm. We provide theoretical results
regarding the methodology in §IV; we refer to the extended
version of this work [13] for notation and some of the
proofs. Illustrative simulations are provided in §V, followed
by concluding remarks in §VI.

II. PROBLEM SETUP

Consider a network of identical agents with interdepen-
dencies implied by a common network-level objective. In
particular, we assume that the system contains N agents
forming a graph G = (Vg, &g), where each node in Vg rep-
resents a linear discrete-time (decoupled) dynamical system,

mz’,t+1 :Acc,»7t—|—Bui7t, = 172,...7]\[7 (1)

with ;; € R™ and u;; € R™ denoting the states and
inputs of agent ¢ at time-step t, respectively. Furthermore,
A € R"™ ™ and B € R"*™ are unknown system parameters.
The formulation can be compactly represented as,

Xit1 = Af{t + Bﬁt7 2

where %, € RN" and @, € RM™ contain the
states and inputs of entire networked systems, X; =
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[wlt; c acJTW]T, 0 = [ult; ... ;u}vyt]T, and A and B
assume block diagonal forms A= Iy® A and B = Iy ®B.
The interconnections of these agents are captured by the
set of edges &g C Vg x Vg that provide the communication
backbone for the distributed feedback controller design.
We do not assume that G is necessarily connected; this
setup becomes apparent in §III. Let N; denote the set of
neighbors of node ¢ in G (excluding itself). Then, based
on the communication graph and for any choice of positive
integers a and b, we define a linear subspace of RV *bV,

U, (G) = {M € RN [M];; = 0if j ¢ N; U{i},
M];; e R 4, j=1,--- N},

where [M];; refers to its (ij)-th block-submatrix. Without
having access to the system parameters A and B, we are
interested in designing linear feedback gains with a de-
sired sparsity pattern using input-state measurements from—
ideally a small part of—the system in (2). Of particular
interest in this work are the structured feedback gains con-
sistent with the underlying communication network. Given
an initial condition X;, the distributed (structured) optimal
control problem is posed as,

s [o') AT A A AT AN
ming >0, X/ Qx, + u] Ry

N 3
st (2), Keuy . (9), ®

o, = Kxy,
where K stabilizes the pair (A,B), R=Iy ® R and Q =
IN®Q1+ Lg®Q2 for some cost matrices Q1 > 0, Q2 = 0,
R > 0. Note that Q € UY,,.(G) and positive definite. Such
interdependent structure of the cost has been considered in a
graph-based distributed control framework (see for instance
[41, [5], [7], [14]). Intuitively, the first term in Q indicates
the absolute cost pertinent to regulating each agent, while
the second term denotes the cost that arises from consensus
error with respect to the neighbors’ states.

The goal is to find a data-guided suboptimal solution to
(3) without the knowledge of system parameters A and B.
Indeed, not knowing the true underlying system parameters
adds an additional layer of difficulty to this framework.
Instead, input-state data of the system can be collected
for distributed feedback control synthesis over the given
underlying communication graph G. In what follows, we
summarize the challenges involving the analysis of this
problem: I) In general, the constrained optimization problem
(3) is NP-hard [15]. Based on the complete knowledge of the
system parameters, this problem has been investigated under
variety of assumptions [5], [9], [16], [17], or tackled directly
with the aid of projected gradient-based policy updates [6],
[18]. II) On the other hand, the main issue with the policy
obtained from data-driven approaches is that, it will not
necessarily respect the hard constraint of K ¢ UN (G) in
(3). Also, “projection” onto the intersection of this constraint
and the set of stabilizing controllers is not straightforward
due to the complicated geometry of the set of stabilizing
controllers [19]. IIT) Another significant challenge for adopt-
ing data-driven methods for the entire network takes root in
the “curse of dimensionality” inherent to networked systems.

In fact, collecting data from the entire large-scale network
can be prohibitive. IV) Finally, it is often impractical in
standard applications to terminate a functioning network for
data collection or decision-making purposes. Therefore, we
seek an online algorithm that allows the network to continue
operating during the learning process.

As the control system designer is left with no choice than
leveraging the input-state observations to find a “reasonable”
distributed policy for the networked system in the setup of
interest, we summarize our approach as follows:

I) As the constraint K € UN . (G) is strict in distributed
control synthesis and the underlying problem is NP-hard in
general, we shift our attention from the optimal solution of
(3) towards a suboptimal stabilizing distributed controller
with a reduced computational overhead. II) Inspired by
a Q-learning-based policy iteration algorithm, we propose
a model-free distributed policy iteration scheme to obtain
a reasonable solution to (3). In particular, we learn two
control components that mirror “individual” and “cooper-
ative” aspects of the design. We also simultaneously learn a
stability margin related to these components that is utilized
to prescribe a distributed control synthesis for the entire
network. III) Inherent to our algorithm is a subproblem
whose dimension is only related to the maximum degree
of the underlying graph rather than the dimension of the
original network. In particular, we will reason that for the
learning phase, our method requires data collection only
from a smaller portion of the underlying network Gy C G
with size d = dnax(G) + 1—in order to guarantee stability
(see Theorem 1). This subgraph is substantially smaller
than the original graph whenever dy.x(G) < N which
is the case in many real-world applications. IV) We allow
temporary feedback links on G, during the learning phase of
our algorithm that would be removed subsequently. Hence,
the proposed approach allows for an online implementation.

As described in the subsequent sections, the distributed
control design part of our method follows a model-based
framework previously studied in [5], [7]. Here, we provide
a model-free distributed policy iteration algorithm that is
not only computationally efficient, but also practical when
model-based control in high dimensions is not feasible.

III. THE ALGORITHM

In this section, we propose and discuss the main algo-
rithm. Before proceeding to describe the main idea, we in-
troduce a definition that streamlines the subsequent notation.

Definition 1. Given any subgraph G’ C G and a fixed
labeling of the nodes, we let Policy (Vg/) denote the con-
catenation of all the policies of the agents in Vg, i.e.,

Policy (Vg/) = [u] ; uJ ; -~ ; u\Tvg/\]T’

where u; is the feedback control policy of agent ¢ in the
subgraph G’ as a mapping from {x;|j € N; U {i}} to R™.
Furthermore, we use Policy(Vg/)|; to denote the realization
of these policies at time ¢. Similarly, we define,

State (Vg') := [z] ; 2] ; I

RIS |
P Eyg|
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Algorithm 1 Distributed Model-Free Policy Iteration

Algorithm 2 Subgraph Policy Evaluation (SPE)

1: Inmitialization (¢ < 1, k< 1)

2: Given G, choose Gg C G with d = dmax(G) + 1

3 Obtain Q1, Q2, R, and set Q <+ Q1 + dQ2

4 Get %1 € R*™ and Hy € RP*? with p = d(n +m)
5: Set P° < Bl,(pt1)2 for large 8> 0 and fix ¥

6: Set K stabilizing (1), L1 = Omxn and AK; = K3
7 Switch ON temporary links in G4 and set 7 < 0

8: While (K, L) not converged, do (“learning phase™)

9 Set Policy, (Vg) such that for each ¢ € Vg,

’u,l(—AKkZE-L-i-LkZJG/% %wj, if iGVg\gd
U; <_AKkif7,+Lk ZjGng x;, if iGng
10: _ Evaluate Hy from Algorithm 2 ~
Hk < SPE(Q, gdyleam, PO]iCyk(Vg), kal,zjo)
11: Recover X1, X2,Y1,Y2, 71 and Z3 from Hy

X1+ Hg[l:n, 1:7]
Yi < Hildn+1:dn+m, dn+1:dn+m)
71 <—I:i1k[dn—|—1:dn—i—m7 1:n)
Xgef{k[l:n, n+1:2n]
Yo« Hildn+1:dn+m, dn+m+1:dn+2m+1]
Za <—IF:Ik[dn—|—1:dn—i—m7 n+1:2n]
AX ¢ X1 — Xa, AY ¢ Y1 —Ys, AZ< Zi— Zs.
12: Update the control components
Flevi—(d-1)Y2(Yi+ (d—2)Y2) Ve
G+ (Yi+(d—1)Y2) ' Yo (Y1 —Yo)!
Kisr < —FZy + (d— 1)GZa,
Lyy1+ —FZo+GZy + (d — 2)G 2o,

AKpy1 + Kit1 — Lt
13: Obtain the stability margin
Brp1 < AX —Q+ AK] | AZ

+ AZTAK 1 + AKL (AY = R)AKji
Yk+1 $—Omin (AK;+1RAK]€+1 + @)
/Umax (Ek+1 + LL+1(AY - R)Lk+1)

Trt1 =/ Vigr /(L4 Y1)
14: Go to Line 8 and set k < k+ 1
15: Switch OFF the temporary links and retrieve Gq4
16: Set Policy, (Vg) such that for each i € Vg,

w; +— AKpx; + d‘rflek Zje/\fi x;

The proposed algorithm is detailed in Algorithm 1. We
refer to the main loop of the algorithm in Line 8 as the
learning phase. We consider a subgraph G; C G, and
during that phase we only collect data from this (smaller)
portion of the network. Note that the size of the subgraph
Gq depends on the maximum degree of the original graph G.
Then, by requiring temporary communication links within
this subgraph (denoted by Ggicarn), We iteratively learn
a stabilizing structured controller for the entire network
allowing the rest of the network to evolve according to
the original communication topology (see Figure 1). We
distinguish this subgraph with temporary links by Gg jcarn
where |ng,1wm = |ng‘ and Qdyleam = /C(gd), and K()
denotes the complete graph (clique) on corresponding nodes.
The obtained policy is then optimal for the subgraph—
yet, generally suboptimal for the entire network. After the

Input: Graph G, subgraph G’ C G, Policy(Vg), H, P
Output: Updated cost matrix HT associated with G’
While H not converged, do
Set )~(t — State(Vg/)h and ﬁt — POliCy(Vg/)|t
Choose e; ~ N(0, ) and update Policy (Vg/)|¢ as Gy <+
u: + e for all i € Vg

A

6: Run G under policy Policy(Vg)

7 Collect State(Vg:)|t+1 only from G’ and set
Xit1  State(Vgr)|e41, Qg1 < Policy(Vgr)|es1

8: Set ¢, < [X{ Qf]T — [i;l%l a; )"

9: Compute ¢, = vech(¢,¢]) and

R, ) =% (I®Q — 11T ® Q2)%¢ + 0] (I® R)
10: Set 0 < vech(H) and update
0 0+ P¢ (R(%e, @) — ¢10) /(1 +CIPC,),
P+P - ’PCtCI'P/(l + CIPCt)
11: Find H" = vech™*(8), update H <~ H" and t <t +1

a— gd, learn

Fig. 1: Temporary communication links (red dashed lines) added
to the subgraph G4 during the learning phase.

learning phase, the temporary communication links can be
removed and a suboptimal stabilizing distributed feedback
policy will be proposed for the entire original network.

Inherent to Algorithm 1 is a policy iteration on Gg jearn
that finds K} and Ly, intuitively representing “individual”
and “cooperative” components of the policy at iteration k,
respectively. Simultaneously, we also learn a stability margin
Tk, related to these components. Then, even during the learn-
ing phase, we utilize these components together with the
stability margin to design and update a stabilizing controller
for the remainder of the agents in G \ Ggjearn (Line 9).
Therefore, the entire network is also evolving during the
learning phase. We do so by ensuring that information is
unidirectionally exchanged from G, jearn to the rest of the
network. As such, the policy of the agents in G \ Gy learn 1S
dependent on those in Gg jcarn, but not vice versa.

At each iteration of the learning phase in Algorithm 1,
we use a Recursive Least-Squares (RLS)-based recursion
to evaluate the policy at hand by estimating the unknown
parameter matrix at iteration k, referred to as Hjy. This
entire process is performed by the Subgraph Policy Eval-
uation (SPE) (Algorithm 2), given the graphs G, gd,le.@, the
mapping policy(Vg, ), and the previous estimate of Hy_;.
By construction, Hj, contains the required information to
find K}, and Lj, from data via recovering the block matrices
X1, Xo, Y1, Yo, Z1, and Z5 from Hy, as in Line 11. Such
specific recovery of blocks from Hj, is due to the special
matrix structure resulted from adding extra links to G4; see
the proof of Theorem 2. Also, the matrix inversions on
Line 12 is justified as a consequence of Proposition 1.
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Remark 1. Adding temporary links within the subgraph
Gq enables us to examine the all-to-all coupling amongst
its nodes (agents). We also require K; to stabilize (1),
however, the interested reader is referred to [20] for means
of circumventing this requirement.

IV. CONVERGENCE AND STABILITY

In this section, we provide the convergence and stability
analysis of Algorithm 1. We defer the subtleties of the
framework and detailed proofs to the extended version of
this manuscript [13]. First, we study the structure and gain
margins of each local controller and then establish the
stability property of the proposed controller for the entire
network throughout the learning process in Algorithm 1.
Finally, we show the convergence of Algorithm 1 to a
stabilizing suboptimal distributed controller.

We begin by introducing a linear group that plays an
important role in our setup. First, for any integer r > 2,
let us define the following linear subspace of R""™>*"":

L(rxn,R)={N,

N,=1,®(A—B)+1,11®B,
A,Ber™*" },
Now, let us define the patterned linear group as follows
PL(rxn,R):={ N, €L(rxn,R)NGL(rn,R) ]
A€GL(n,R)NS™, BES™ },
where S™ denotes the symmetric n X n matrices.

Proposition 1. The patterned linear group PL(r xn,R) is a
subgroup of GL(rn,R), and L(r xn,R) is a linear subspace
of R™™*"™ " closed under matrix multiplication. Furthermore,
for any Schur stable matrix A € L(rxn,R), let P denote the
unique solution to the discrete-time Lyapunov equation for
any 0 < Q € S™, i.e., the map induced by P = ATPA+Q.
Then, P € PL(r x n,R) if and only if Q € PL(r x n,R).

The fact that the patterned linear group is preserved under
the Lyapunov equation is key to our analysis, facilitating ef-
ficient propagation of information in the proposed algorithm.
Next, we demonstrate how a specific structure and stability
of the controller for the subgraph Gg jcarm, if initialized
properly, can be preserved throughout Algorithm 1. The
following standard assumption is required for the rest of
the analysis.

Assumption 1. The initial controller K is stabilizing for
the controllable pair (A, B), and e; in Algorithm 2 is such
that Policy (Vg )|+ remains persistently exciting.

Proposition 2. Define K, == 1,® (Kj,— Ly,) + 11T ® Ly, for
all k > 1, where Ky, and Ly, are obtained as in Algorithm 1.
Under Assumption | and throughout the learning phase (for
all k > 1), K is stabiliziNng for the system in Ggjearn
and Policy, Vg, ...)lt = Ki State(Vg, ..)|¢, for all t.
Furthermore, AK,, .= K}, — Ly, stabilizes the dynamics of
a single agent, i.e., A+ BAK}, is Schur stable.

The structured policy proposed in Proposition 2 becomes
very useful in designing a suboptimal distributed controller.
This will become more clear after the following characteri-
zation of a particular gain margin.

Proposition 3. Ar each iteration k > 1, let Ky, Ly, and T,
be obtained via Algorithm 1. Then, A + B(Kj — aLy) is
Schur stable for all « satisfying |a — 1] < 7.

The stability margin 7, guaranteed above is upper-
bounded by the stability margin of the pair (A + B(K} —
L), B). This implies that, if the original closed-loop system
of each agent does not have a “good” stability margin,
then 7, must be small; thus, reducing the influence of its
neighbors in its policy (Line 16 of Algorithm 1). As a
result of Propositions 2 and 3, we can now utilize this local
“model-free” gain margin to guarantee stability for the entire
network during the learning phase as follows.

Theorem 1. Suppose Ky, Lj and Ty are defined as in
Algorithm 1. Then, under Assumption 1, the control policy
Policy, (Vg) designed during the learning phase (line 9),
stabilizes the entire network G at each iteration for any
choice of Vg,,.

Proof. From Definition 1 (according to a consistent choice
of labeling of the nodes so that the last d nodes are chosen
as G4) and Proposition 2, the feedback policy in line 9 of
Algorithm 1 can be cast in the compact form,

: _ POliCYk(Vg\gd,leam)
Policyy (Vo) = { Policy, (Vg, o)

[ Ko Lo,
0 K,

where tg\gd = %[Ag]u ® Ly, Kk =1, (K, — Li) +

141}® Ly, Kg\g, = In_a®@ K} — (IN—d— %Ag\gd) ®

Ly, Ag denotes the adjacency matrix of G, and [Ag]i2 is its
submatrix capturing the interconnection of G \ G4 and G4:

Ag = [Ag\gd [Ag]lz} .

* -AGd

Stater(Vo\Gurearn) | _. 1
:| |: Statek(vgd,learn) o KkStatCk(g)7

Note that the structure of K 1 emanates from the fact that the
information exchange is unidirectional during the learning
phase. Now consider the closed-loop system of G,

Ag‘d = A + BKk

| Ivca® A+ (Inca® B)Kgyg, (In-a ® B) Lg\g,
B 0 Az, '

where ;&Rk = A+ ]~31~(k is the closed-loop system of Gg.
Define S = Ixy_q — 7%7Ag\g, and let J be the Jordan
form of S according to the similarity transformation 7 €
RN=d)x(N=d) guch that 757 ' = J. Now consider the
following similarity transformation of Ag|d,

Tol, 0 \(i, \[TeL o ]
{0 Id®1n} (Ag‘”” 0 Id®IJ

_ { In-a® (A+ BKy) —J@BLy  *

0 Ag,
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Note that Iy_q ® (A + BK;) — J ® BLy is a block
upper triangular matrix whose diagonal blocks are equal to
A+ B(Ky — Ai(S)Lg) for i = 1,--- | N — d. We already
know from Proposition 2 that Af(k is Schur stable. Hence, in
order to show that Ag |r is Schur stable, it suffices to show
that p(A+ B(K — \(S)L)) < 1fori=1,---,N —d.
Recall that |\;(Ag)| < dmax [21], thus by definition of

S and the fact that d,., = d — 1, we conclude that
[A:(S) — 1| < 7. The rest of the proof now follows directly
from Proposition 3. O

The latter theorem establishes the fact that the proposed
feedback mechanism stabilizes the entire network throughout
the learning phase. This facilitates control of the agents
outside of G4, while the learning process is in effect for
the subgraph. Nonetheless, the practicality and suboptimal-
ity characteristics of the algorithm heavily depend on the
convergence of the learning phase. This will be addressed
in the following theorem.

Theorem 2. Under Assumption 1, Algorithm I converges,
ie., K, — K*, L, — L*, and 7. — 7 as k — oo, where
Kr=1i® (K* L*) + 11T ® L* is the optimal solution to
the infinite-horizon state-feedback LQOR problem with system

parameters (A B, Q, R) defined as A = Ig ® A B =
I,9B, Q=1;®(Q +dQ2) —11T®Qs, and R =1;Q R.

Proof. At iteration k of the learning phase in Algorithm 1,
by Proposition 2, the stabilizing feedback policy K for
sllbgraph Gdjleam can be written in a compact form as
Ky, =14 ® (K — L) + 117 ® Ly. Then, its associated
cost matrix Py, satisfies the following Lyapunov equation:

Furthermore, we can verify that A  + BK;€ € L(d x n,R)
which is also Schur stable, and Q+KTRK;c € PL(dxn,R).
Thus, by Proposition 1, we conclude that PJ? € PL(dxn,R).

Next, we consider the parameter matrix Hy, obtained from
Algorithm 2 at iteration k. We claim that

[Hi]i = Q+ATPLA,  [Hyly = [H]], = BTPA,
[ﬁk]gg = ﬁ + ﬁTf)kﬁ
and thus, again by Proposition 1, we conclude that
[Hk]117 [Hk]gg S PL(d Xn R) and [Hk]gl S L(d Xn R)
Then, by unravelling the structure of matrices constructing

Hj, the recovery of X;,Y; and Z; for ¢« = 1,2 in Line 11
of Algorithm 1 corresponds to

Xi=Q1+(d-1)Q2+ATPA, Xy=-Q2+ ATRA,
— R+ BTP,B, Y, = BTR,B,
7, = BTP A, Zy = BTP,A,

where f)k =I;® (P1 ng) +117® P,. Finally, by definition
of Kk+1 and Ly in Line 12, one can validate that Kk+1
—[Hy]5, [Hz]21, which coincides with the policy iteration
in the Hewer’s algorithm [22] for the system in G jearm. For
the details of these validations and the rest of convergence
argument we refer to [13]. O

As we remove the temporary links that were provided for
the learning phase, the structure of the interconnections in
G are returned to its original topology. Therefore, it is vital
to provide stability guarantees after the learning phase in
Algorithm 1 concludes and the temporary links have been
removed. This is outlined in the following corollary.

Corollary 1. If the learning phase of Algorithm I converges,
then Policy(Vg) (Line 16) stabilizes the system in (2).

Proof. Compare the structure of policy in Line 9 for Vg\g,
during the learning phase, with that of Line 16 for the
entire Vg after temporary links are removed. The proof then
follows similar steps as that of Theorem 1. O

V. SIMULATION RESULTS

In this section, we examine the performance and conver-
gence of the algorithm proposed in §III. We present the re-
sults of two experiments using Algorithm 1 on homogeneous
networks of agents with unknown and unstructured model
uncertainties.

In the first experiment, we sample continuous-time sys-
tem parameters of a single agent (A, B) from a zero-
mean normal distribution with unit covariance such that
A € R5*5 and B € R5%3. Then, we consider a path-graph
of 10 agents and demonstrate how Algorithm 1 converges
for these different instances of system parameters. In the
second experiment, we use the dynamics of an aircraft with
continuous-time system parameters (A, B) (as reported in
Appendix F in [23]). We consider random d-regular graph
topologies of different sizes. Then, we demonstrate the effi-
cacy of Algorithm 1 by illustrating the cost associated with
the proposed distributed controller as a function of nodes in
the graph. In both experiments, the continuous-time system
dynamics of a single agent is discretized with a sampling rate
of AT = 0.1s. The dimensions are n = 5 and m = 3 for
each agent and we also set @1 = 0.2Q2 =1, and R = L,,,.
We introduce an uncertainty into the system parameters as
follows. Each agent follows a (completely unknown) LTI
system dynamics similar to (1) with A replaced by A+ AA,
where entries of AA are sampled from a normal distribution
N(0,0.05). We assume a random exploration signal sampled
from a normal distribution e; ~ A/ (0, o) where the variance
o? is chosen accordingly for different input channels. Given
any number of agents N > 3, the maximum degree of a path
graph is dmax = 2, and hence, d = dpax + 1 = 3. Thus,
we take the first three agents (¢ = 1,2, 3) as the nodes of
Gq. Assuming the designer has only access to a stabilizing
controller for the system with nominal parameters A and B,
we set the initial stabilizing controller to be the LQR optimal
controller with parameters (A, B, Q1, R).

Finally, for assessing optimality, we report the trace of
cost matrices, Tr(f’k), associated with the proposed dis-
tributed controller learned by our algorithm at iteration k.
As the optimal distributed design is unknown, we compare
these results against the optimal cost for the unconstrained
LQR problem, Tr(PLQR), as the solution of the Algebraic
Riccati Equation with parameters (A7B, Q,f{) Note that
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Fig. 2: Convergence of Algorithm 1 for

parameters (A,B).

0 e 2.4%
"""""""" 2.2%
2%
6
10 _ .
—tr(P) 1.8%
et (Pg) 1.6%
s —tr(PLor)|  1.4%
1% 20 40 60 O 20 40 60
Network size (N) Network size (N)
(a) (b)

Fig. 3: Suboptimality of the distributed controller learned by
Algorithm 1 for random 3-regular graphs of homogeneous aircraft
with even number of nodes from 4 to 50.

this is an unfeasible solution to the problem in (3) but still
provides a theoretical lowerbound for performance of any
feasible solution (including the optimal one).

Figure 2 shows the results of the first experiment, which
illustrates the normalized suboptimality error of the proposed
controller for the entire network with respect to the (unfea-
sible) LQR controller. It illustrates the result of 100 random
simulations for different system parameters and shows the
progress of our method at each iteration in Algorithm 1.
The actual simulations are plotted in faded color, whereas its
statistical characteristics are plotted in solid black. Also note
that almost all realizations have converged after 5 iterations
of the learning phase, due to its quadratic convergence rate.

Figure 3 shows the results of the second experiment,
illustrating how the cost of proposed controller is changing
with respect to the number of nodes in random 3-regular
graph topologies with even number of nodes. Figure 3a
compares the cost associated with our design P against
the cost of initial controller 150, and the (unfeasible) LQR
controller PLQR. Figure 3b illustrates the evolution of the
normalized suboptimality of our proposed algorithm (with
respect to the unfeasible LQR controller) as a function of
number of nodes in the graphs.

data-driven nature of our algorithm can address unknown
model uncertainty.
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