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This work develops a Robust Controller synthesis method for Vision-based Spacecraft
(RCVS) guidance and control, integral to the robust autonomy framework for multi-spacecraft
formation control and reconfiguration applications. The method is built around the use of a
photo-realistic simulator, where a camera is deployed on a tracking spacecraft (ego) in order to
observe an uncontrolled spacecraft (target) in a Low Earth Orbit (LEO). In this direction, the
proposed approach performs the relative state (attitude and position) estimation of the target
spacecraft using a Convolutional Neural Network (CNN). The state estimation error is then
modeled and the corresponding error bounds are obtained around a nominal trajectory of the
ego and target spacecraft. Next, this work proposes a linear matrix inequality (LMIs) based
approach to controller synthesis, guaranteed to be robust against both model uncertainties and
measurement errors, resulting from vision-based estimation. This controller is comprised of
two distinct components, one synthesized based on the nominal trajectory, while the “robust”
component corrects for deviations from the nominal trajectory. Finally, a tracking scenario
that directly utilize the image data for spacecraft guidance and control, is presented to showcase
the performance of the proposed robust autonomy framework.

L. Introduction

Close proximity operations for spacecraft have been extensively studied and tested in recent years [1H4]. Applications
such as docking and on-orbit service heavily rely on information exchange between the cooperative spacecraft. Through
an array of sensor measurements, these design processes rely on observer models like Extended Kalman Filter (EKF) to
generate state estimations; as such, these techniques involve full or partial knowledge of target spacecraft [5]]. The target
may not cooperate in situations such as asteroid capture or orbital debris removal. In these cases, feature recognition
over the target surface has been widely adopted. The problem is then broken into long-range and short-range estimation
depending on the accuracy of feature recognition algorithms [6].

Incorporating insight from rich, perceptual sensing modalities such as cameras have the potential to convey more
information than simple, single-output sensor devices. Despite the maturity of deep learning algorithms and CNN in
many computer vision tasks, it has, only recently, become common for state estimation problems in space applications
[7HL1]. These new methods utilize high-resolution images to train a neural network for target-specific state estimation.
The use of such tools can be challenging in the harsh lighting conditions and against a highly textured background (i.e.,
Earth) [12} [13]. Given enough data, deep learning algorithms can learn efficient models that map high-dimensional
data to an array of outputs. However, modeling the uncertainties in the output is a challenging task. This becomes
particularly crucial when the trained neural network is adopted as a perception module in the control loop for autonomous
navigation—which requires specific safety guarantees.

In general, deep learning does not consider uncertainty representation in regression settings, and deep learning
classification models often give normalized score vectors, which do not necessarily capture model uncertainty. To
this end, the control community seeks to combine the best of learning with robust/optimal control for autonomous
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Fig. 1 The measurement error profile (center and right) showing the maximum errors around each training
data point (shown in red in the left image), for a scenario comprised of a camera and a target—where all
other influencing factors are held fixed except the camera orientation relative to the target (captured by x — y
coordinates in the camera frame). See [14] for more details.

navigation. In particular, in [I5]] the authors consider controlling a known linear dynamical system for which partial
state information can only be extracted from complex observations. The approach is to design a virtual sensor by
learning both a perception map (i.e., a map from (imagery) observations to a linear function of the state) and a bound on
its estimation errors. Under suitable smoothness assumptions, “uniformly” bounded errors are guaranteed within a
neighborhood of the training data. This uncertainty model allows synthesizing a robust controller that ensures the system
does not deviate too far from the states visited during the training process. However, particularly in space applications,
the information that can be extracted from imagery data may change drastically depending on the relative states of
the system— e.g., see Figure[I]for an actual example of this phenomenon—. Therefore, a uniform analysis results in
excessively conservative error modelings. Additionally, the error profile does not enjoy any particular distribution
pattern and thus, assuming distribution profiles (such as Gaussian) would not be realistic. Here, instead, we aim to
provide an error modeling that can capture its dependence on the relative states of the system and extracts guaranteed
upper-bounds that are suitable for employment in the imminent robust control synthesis.

On a different note, explicit trajectory generation methods suffer from two fundamental drawbacks. First, they
are inherently specific to the given problem data, and any changes necessitate a full resolution of the optimal control
problem. Second, there is a lack of convergence guarantees for the solution of the corresponding nonconvex optimal
control problems. No known algorithm can be formally guaranteed to solve a general nonconvex optimal control
problem from an arbitrary initial guess. There is, therefore, no theoretical reason that could enable one to solve a
nonconvex trajectory optimization problem in real-time —although certainly there is ample empirical data to support
expectations of reliable local convergence [[16]]. It is natural, in response, to study alternative methods for which, the
ability to provide a feasible trajectory in real-time can be theoretically established.

In this work, we aim to leverage contemporary techniques from both the machine learning and robust control
literature to design a robust (nonlinear) controller— synthesizing a feedback signal directly from image sensors. For
instance, consider the following scenario: A spacecraft (ego) has to navigate to a specific position and orientation
with respect to another spacecraft (target) while keeping the target inside its camera field of view (see Figure [2a)).
This task requires estimation of the relative state of the target spacecraft in the ego’s body frame, using a sequence of
imagery observations. Our approach is to first, expand the analysis in to design a virtual sensor by learning both a
perception map (i.e., a map from observations to a linear function of the target state) and a “state-dependent” bound on
its estimation errors. In contrast to [13], in this setup, the distance to the target and the sun’s position dramatically affect
the information that can be extracted from an image. Hence, we model the error of the composed perception process as
a function of the target and ego’s relative states.

Second, we utilize the implicit trajectory optimization methods to define a set of feasible trajectories in the
state-and-control spaces. Then, based on a nominal trajectory and the Uniformly Ultimately Bounded (UUB) concept
[17]], we extend the invariant funnel synthesis technique [[16] to a setup accounting for the state-dependent output
measurement noise—where we can incorporate the error model and its upper bounds correspondingly. A schematic
illustration of this idea is also depicted in Figures 2bland 2c] Finally, we arrive at the composite robust control synthesis
that generates control signals directly from imagery data that can handle uncertainties in the (nonlinear) model as well
as the (noisy) observations.
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Fig.2 The orbital trajectory of the ego around the target in its Hill’s frame depicted in (a). In the ego’s camera
frame (purple plane), (b) illustrates the nominal trajectory starting at X(zy) (in blue) with the target off of the
center of the ego’s camera, and terminal state X (¢7) (in black) shows the target aligned with the ego’s camera
center. The actual initial state x(¢y) (shown in red) is contained in the invariant funnel at = O (the light green
ellipse). Finally, (c) shows the same nominal (blue) and actual (red) trajectories contained in the invariant funnel
(green ellipses).

The rest of the paper is organized as follows. Section [l outlines a representation of the nonlinear equations of
motion by using the so-called structured nonlinearity. Also, the analysis for modeling the sensor uncertainties is laid out.
Then, by introducing the concept of a quadratic funnel, a robust controller is designed—culminating in the framing
of the quadratic funnel synthesis problem. The specific solution strategy is then presented in Section [[T} Next, in
Section[[V] the developed machinery is applied to a spacecraft target tracking problem. A nominal trajectory is designed,
linearization of the system dynamics along this trajectory is outlined, and finally the performance of the general robust
controller synthesis is showcased. The concluding remarks and future works are discussed in Section [V}

I1. Robust Controller Synthesis for Vision based Spacecraft Guidance and Control

A. Structured Nonlinear System Model with State Dependent Perception Error

In this work, we consider a problem setting in which the main uncertainty comes from the image sensor, generating
observations that capture information about the state of a target relative to an ego spacecraft. Then, a specific (trained)
“perception map” is utilized to recover the actual relative state of the system from the imagery data on the fly. Particularly,
we define the (relative) state x(7) € R~ (between ego and target spacecrafts) as

x() := xego(t) - xtarget(t); (1

which follows a nonlinear dynamics
£(1) = f(x(0),u(r), 1€ [n.t7], )
(1) = Q(x(1)), 3)

where u(t) € R™ denotes the control inputs, z(#) € R represents sensory data as a function of the relative state,
and [fo,r] is a prescribed time interval. The observed data z(7) = Q(Xego(f) — Xtarget (1)) is then determined by the
unknown generative model Q : R"> — R™, which is nonlinear and potentially quite high dimensional. The task of the
observation module is to detect the target and determine its relative position with respect to the ego spacecraft. Here,
the observations z(7) are the captured images and the map @ : R"~ — R™ generates these images as a function of the
relative states, as in . For now, suppose there exists a perception map p : R™ — R/ that imperfectly predicts the
relative state x(¢), that is

p(z(1)) = Cx(1) + e (x(1)), “4)
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where e, (x(¢)) denotes the perception error which is dependent on the relative state. The details of this perception map
and its error characterization is further discussed in the succeeding section.

The main control synthesis problem is composed of two main steps. First, a (nonlinear) controller, denoted by i(t),
is designed which results in a nominal controlled state trajectory. Then, a correction input signal, denoted by £(¢),
is synthesized that deals with both dynamics and measurement uncertainties rooted in the modeling and composed
perception process, respectively. More precisely, we let {x(z), &t (t)};’;to be the nominal trajectory that satisfies the
dynamics @) for some initial condition x(, and define

n(t) :==x(t) —x(t) and &(2) :=u(t) —u(r). (5)

By assuming that f is at least once differentiable, we can rewrite (2)) in terms of the variables in (5) by using a first-order
Taylor series expansion around the nominal trajectory as follows:

(1) = AOn(1) + B(1)&(1) + g(x(1), u(1)), (6)

where A(t) and B(t) are the partial derivatives of f evaluated along the nominal trajectory, and the g(x(z), u(¢)
represents the higher order (nonlinear) termg+| The dynamical system in (] can then be equivalently expressed using
structured nonlinearities as follows

Ny,
0(r) = A@On(0) + BOE@D) + Y Eiwi(r)
i=1

I’l,'(l) = Fﬂ]([) +Gi§(l‘), i=1,...,N,
wi(t) = ¢i (hi (1)), i=1,...,Ny

where the pairs (h;, w;) € R™.i x R™.i capture the higher order terms through the nonlinear functions ¢;. The details
of this transformation are laid out in [20], and the constant matrices F; € R"*"x G, € R"™">*" and E; € R"™*"w serve
as nonlinear inputs/outputs channel selectors.
Finally, based on the nominal trajectory {x(¢), i (t)}if:to, we can define the output of the system using the composed
perception process in (@) as
y(1) = p(z(2)) — Cx(1) = Cn(1) + e(n(1)), @)

where e(n(¢)) denotes the state-dependent measurement noise—to be characterized later in Section Hence, we
arrive at the following (nonlinear) system dynamics and (state-dependent) noisy observations:

N,,
n(t) = A (1) + BOED) + ) Ewi (1)
i=1

hi(t) = Fin(t) + Gi&(t), i=1,...,N, ®)
wi(t) = ¢; (hi(2)), i=1,...,N,,
y(t) = Cn(t) +e(n(1)).

Depending on the the perception module, it is reasonable to assume that C = [ in most of applications which only
simplifies the presentation of our proposed methodology, however, we provide clarifications whenever it is necessary.

B. Modelling Sensor Uncertainties
In order to obtain a perception map p that can recover the relative state “x” from the imagery data “z”, we suppose
access to initial training dataset Sp = {(x4, z4) }52 , Which are collected densely enough from the nominal trajectory

{x(1), ﬁ(t)};ito. This dataset is used to learn a perception map via any wide variety of traditional supervised methods
[14]. To accurately model the uncertainties in the output measurements (7)—which will be subsequently used in the
robust control synthesis—we estimate the safe regions around the nominal trajectory in terms of parameters learned
from a second (testing) dataset. Next, we define the regions of the state space within which the sensing is reliable. To
this end, we consider the following local assumptions:

+An alternative dynamics modeling and online control purely based on data will be considered as a future direction, see e.g., [18,[19]
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Assumption 1. The mapping p o Q — C is locally s-slope bounded with a radius of r around each training data points,
i.e., for each (xq,zq) € Sy, there exists a bounded real number s = s(xq) such that

[P oQ(x) —Cx = (poQ(xa) - Cxa)ll < s(xa) [(x —xa)ll,  Vx € B,(xa). ©)

Assumption 2. The training error at each point of the training dataset is bounded, i.e., for each (x4, 74) € Sy, there
exists a bounded real number y = y(x4) such that

lp (za) = Cxall < y(xa).

Note that the modeling assumptions above are completely local which enables us to utilize the perception module to
its best extent and avoid using the uniform worst-case-scenario modeling. Next, the regions of the state space within
which the sensing is reliable can then be described using a safe set which approximates sub-level sets of the norm of the
state-dependent error function e(x) = p(g(x)) — Cx around the nominal trajectory. More precisely, given r > 0, we
define

X (X(1)) = {x € B, (x(0)) |llp (za) = Cxall + s(1) [IX(1) =Xa (DIl < 1(1), *xa(1) = arngggo llx —Xdll}, (10)

where 74(1) = Q(x4(t)), v(t) == y(x4(2)), and
s(t) = s (xg(2)), 1(t) =rs(t) +y(). (11)

Note that we overload the notation to define s(z), which is the maximum slope bound of the mapping p o Q — C at
all x € B,(x4). Since the nominal trajectory {x(¢), ﬁ(t)}:";to is fixed and the training data Sy is collected from this
trajectory, we are able to define the safe set X, (1) = X, (X(¢)) as a function of time around the nominal trajectory.
Further, note that parameters s(x;) can be learned using a second dataset (see [14] for more details). Finally, we can
precisely define how densely the nominal trajectory should be sampled for the training dataset as follows:

Definition 1. We say that the training dataset So = {(x4, zq) }52 | is sampled densely enough from nominal trajectory

{x(1), ﬁ(t)};";,o if there exists a positive radius > 0 such that for any x € B, (x¥(¢)) and any ¢ € [t9,77], we have
lX(¢) —Xx4(2)|| < r where argminyes, ||x — x4l

The error characteristics considered in our approach is different from that of [[15]] as each training data point x is
associated with different parameters y(x4) and s(x4), and we parametrized the safe set around the nominal trajectory as
a function of time. The rationale behind this modeling is that here, the error of the composed perception process depends
on the relative state between ego and target spacecrafts, certainly because, as we get farther away from the target, the
amount of information that can be extracted from the images decreases significantly. Moreover, environmental factors
such as target reflection or the sun’s position can also dramatically affect the perception error. Hence, the training error
increases accordingly and in order to model this phenomenon, we assume that the training error is a function of the
training points as described in Assumptions|[Tjand 2}

Now, we are well-equipped to characterize the perception error—altering the output of the system as modeled in
(7)—in the following lemma.

Lemma 3. Suppose the training dataset is sampled densely enough from the nominal trajectory (per Definition[I) with
a radius r and Assumptions|[I|and 2| hold with the same radius. Then, for any x(t) € X, (%(t)), the perception error is
locally bounded with

e < s@ln(@)l +1(1).

Proof. For any x(t) € X, (x(¢)) (corresponding to a sensory data z(¢) = Q(x(¢))) such that x(¢) € B,(x(t)), consider
(x4(1),74(t)) € Sy and observe that

Ip(2) = Cxll = llp(z) = Cx = (p (Za) = Cxa) + p (Za) — Cx4ll
< s(xa) [1(x =xa) I + llp (za) = Cxall,
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where the last inequality follows from the local slope bound assumption. Recall that (¢) := x(¢) — X(¢) and the nominal
trajectory {x(¢), &t (’)}Zm is known. Since the training dataset So = {(x4, zd)}’d\’gl is sampled densely enough from the
nominal trajectory, for any (x(7), z(¢)) with x(¢) € X, (x(#)) we can upper bound the perception error in (8)) as follows

eIl < sl (x(2) = x() + (1) = Xa() [| + P (Q (xa)) = Cxa (D]
< sl + s (&(2) =Xa() [| +[lp (Q (xa)) = Cxa @) < s +1(2),

where the last inequality follows by definition. O

Finally, note that as we have a more densely sampled nominal trajectory (i.e., as » > 0 is smaller,) the affine
upper-model of the noise will have smaller shift /(¢), however, the slope-bound and training errors are inherent to the
learning problem at hand and does not necessarily improve by just sampling more densely.

C. Robust Controller Synthesis

In this section we explicate how the problem reformulation and error modeling presented so far, can be utilized
for synthesizing a robust controller that overcomes the uncertainties inherent to both the dynamics model and the
perception process. First, as a result of Lemma 3] we can consider the uncertain nonlinear system in with the
following perception error

eIl < s ln(0) +1(2). (12)

We consider the class of controllers that, at each iteration ¢, can synthesis a correction signal £(z) = K(¢#)y(¢) for some
matrix-valued function of time K(7) € R™*"v, The closed-loop system representation obtains the following form:

Ny,
(1) = (A(0) + B()K(0)) n(1) + B(1)K(2)e (n(1)) + Z Eiw;(1)
i=1

hi(1) = (Fi + GiK(1)) n(1) + G K()e (n(1)) , i=1,---,Ny (13)
wi(t) = ¢i (hi (1)), i=1,---,Ny,
lle@NIl < s(D)lIn@)| +1(2),
As discussed in the previous section, the perception error is bounded as (I2) in a vicinity of the nominal trajectory.
We use this fact to model the term K(7)e(77(¢)) in the dynamics of 1(¢) as a structured nonlinearity. In fact, we aim
to design a feedback synthesis procedure that can handle any possible perception error e(t) that satisfies the upper

bound model |le(?)|| < s||n(¢)|| + I(2), including the realized error which inherently may depend on 7(¢). The details
are provided in the following subsection.

1. Modeling the Perception Error in Feedback as Added Nonlinearity

Herein, we propose a specific modeling of the the perception error that eventually enables us to derive at an LMI
formulation for synthesizing the feedback gain K. It is worth noting that the direct approach for considering the error in
measurements results in nonlinear inequalities with no known LMI equivalent. In particular, we consider the error e(¢)
as a nonlinear channel and model the effects of any such error (including the perception error e(r(t)))—that satisfies
the upper-bound model ||e(?)|| < s||n(¢)|| + [(r)—as

we(t) = ¢ (e(t)) =K(1) e(n(r)), forsome ¢ :R"™ — R™. (14)
By considering e(#) as a nonlinear input channel, we then need to update the nonlinear input channel selectors in 4(z)
hi(0) = (F; + GK@) () + Gie(r),  i=1,---,N, (15)

where the constant matrix G; € R"™*" serves as nonlinear input channel selector for e(7). We then stack each of the ¢;
to construct the function ¢ : R™ — R™v, and rewrite (I3)) together with (I4) and (T3] as

(1) = Ac () (1) + B(t)we(t) + Ew(t),
h(t) = Fe(n(1) + Ge(t),
w(t) = ¢(h(1)),

we () = ¢ (e(1))

(16)
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where
wi h Fi G Gi
w= : , h= Do, F= S|, G= : , G= : , E:[El EN]
WN,, hn,, Fn,, Gn,, GN,,
such that w € R™ and h € R, F € R"*x G € R™W*mu G € R™*"y and E € R™*™ with Ny = ZZT ny i and
np = Zf\i‘]" np.i, and Aq(t) == A(t) + B(t)K(z) and Fy(¢) == F + GK(?).

2. Funnel Synthesis

The funnel synthesis techniques are based on the notion of quadratic stability as defined in [21]] and [22H24]], the
latter of which offers necessary and sufficient conditions for stability based on quadratic Lyapunov functions. As
described in [16]], funnel synthesis makes use of a Lyapunov function (as opposed to the maximum principle-based
techniques) to seek out nearby feasible trajectories. Following is a formal definition of a funnel.

Definition 2. (Funnel). A funnel, denoted by ¥ (¢), is a time-varying set in state and control space that is both invariant
and contained inside a feasible region.

The invariance property of a funnel means that if a particular initial condition is inside the entry of the funnel (at
some initial time (), then the entire subsequent trajectory remains inside the funnel as well. Stated mathematically,
if (7 (20),¢ (20)) € F (t0) then (n(2),&(2)) € F(¢) for all t > 1. The goal is to seek the largest possible funnel that
satisfies input and state constraints. This allows us to implicitly define a large family of trajectories by using the
functions that define the funnel thereby providing the ability to guarantee the availability of a feasible trajectory over a
larger region of parameter variations. Funnel synthesis guarantees convergence behavior and is real-time capable on
computationally constrained hardware.
Particularly, consider the scalar-valued function V : R"* — R defined by

V() =)0 'n(t) (17)

where Q(t) € SI% is a matrix-valued function of time whose range space lies in the set of positive definite matrices. As
a result, we have V(n(t)) > O forall ¢ € [to, tf] whenever 77(¢) # 0.

Having introduced each of the time-varying terms, we henceforth omit the argument of time "¢", whenever possible.
The 1-level set of V(1(t)) is the set of states that satisfy the quadratic inequality T Q™' < 1, which is also the equation
of a non-degenerate n,-dimensional ellipsoid. We denote the ellipsoid defined by the positive definite matrix Q and
centered at the origin as

Eo={ne®™ g7 0 <1} = {0 | Ivl> < 1] (18)
The assumption that £ = Ky used to form the closed-loop system (T6) thus results in the following implication:
it ye&g, = ¢€8kokT (19)

A fact that can be proven easily via Schur complements when K is full row-rank [20]]. Before we proceed, we need to
drive an upper bound for Q, given the information about the perception error.

Theorem 4. Ifn € Eg and the perception error is bounded ||e|| < s||n|| + 1, then y € Eg,, where

Oy=(l+s(1+p)* Q. Qs:=5°0, p = ldmax (C5) (20)
and Amax (Q_l) is the largest eigenvalue on;l.

S

Proof. Lete = e, +r, where |le,|| < slln|| and ||r|| < [. Define Q, := 520, then by the Schur complement it follows
that e,, € Eg,. We further claim that

ee&g,, where Q,:=(1+p)?Q;. (1)

The proof utilizes the fact that for any positive definite matrix P and any vectors x, y, we have 2x" Py < 1xTPx+ay™Py
for all @ > 0. In particular, for any p, we have

eTQeile = (617 +r)T ((1 +,0)2 Qs)_l (617 +r) < (1 +p)_2 (1 +ﬁ)e7T7Q;1377 +(1 +P)_2 (1 + %) rTler
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Let 6 = p and note that since ||r|| < I, then 7T Q7 < IAmax (Q5!). Hence we have eTQ.e < 1 and the proof of the
claim is complete. Similarly, for y = 7 + e we have

YO, ly=m+e)T Oy (nte) < (L+s(1+p) 2 (1+p)n 0 '+ (1+5(1+p)) 7> (1 + %) eTole

Let p = s(1+p). The proof of the theorem follows from the over-approximation of Q,., where e Q. 'e =

e’ (s(1 +,o)2Q)_1 e<l1. ]

Suppose that X¢& € R™ and U € R™ are the (possibly nonconvex) sets of feasible state and control vectors. Using
these feasible sets, we formally define a quadratic invariant funnel as follows.

Definition 3. (Quadratic Funnel). A quadratic funnel, ¥, is a subset of the Cartesian product of the feasible state space
Xg and control space Uy (so-called feasible state-and-control space) that is parameterized by time-varying positive
definite matrices Q € S, Qy € Sy and a time-varying matrix K € R™*" Specifically, we define

F =Eg X 8KQ>,KT C XX Us. (22)

3. Invariance of Quadratic Funnel in Presence of Measurement Noise

In this work, we have incorporated the funnel synthesis techniques to provide one (or more) functions that implicitly
define a set of trajectories in the state-and-control space. As the closed-loop system— described in (I6)—is obtained
from an output feedback controller with (state-dependent) measurement and process noise, one has to consider an
appropriate stability criterion. Hence, we require that any proposed controller renders a UUBf| closed-loop system. We
utilized Theorem 4.18 in [17] to design a controller K such that the closed loop system (I6) is UUB, in the presence of
state-dependent noise and system nonlinearity, and starting anywhere in an invariant funnel. A sufficient condition to
achieve this goal in view of the dynamics in (16)) is detailed as follows:

ov

0
a1 (ln@l) < V@) < ax(lln@). 2=+ %ﬁ(t) <-Vn@), Vielw.l,  Vp 3 [[Cunll 2 u 20,

VheQ, and Vee&p, 3 lle(® < s()ln)ll +1(z),

(23)
where u denotes the time-varying UUB parameter. Note that the quadratic funnel’s invariance property means that
n(t) € &p for all times ¢ € [fo, ¢ ]. This implies that the vector &, which is the input to the nonlinear terms in system
(T3), must satisfy the set inclusion

heQ, Q= aFleFCTI @ SéQgéT 24)

where & is the Minkowski sum between two sets. In order to utilized the condition @]) for synthesizing a quadratic
funnel, we need to express the nonlinear expressions “w = ¢(h), Vh e Q”and"w, = ¢(e), Ve € Eg, "—appearing
in (16)—in such a way that it is consistent with the quadratic form of the energy function V(r(t)). To this end, we use
the idea of local multiplier matrices as also adopted in [[16].

Definition 4. Consider any nonlinear map ¢ : R"™ — R™ that sends &7 — ¢(h). We say a symmetric matrix
M e Stnw*w) is a local multiplier matrix for ¢ over the set Q if

T (h) = h ml " |s0 viea 25)
¢(h) ¢(h)

Furthermore, we denote the set of local multiplier matrices for ¢ over the set Q2 by

My = {M e St ) | () 20, Vhe Q} . (26)

tSee Definition 4.6 in [17] for more details on UUB concept.
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Similarly we define the set of local multiplier matrices for #(e), where M, denotes a local multiplier matrix for ¢
over the set Q,:

>0, Vee&p,. Q7

Te)=| = | M| -
é(e) é(e)

Finally, the following theorem provides sufficient conditions that guarantees the invariance property of a quadratic
funnel in the presence of both measurement and modeling uncertainties.

Theorem 5. The output controller of the form &(t) = K(t)y(t) satisfies the feasibility conditions if there exists
0 >0, Y € R and multiplier matrices M € My o, M, € M&Sge and scalars 1,7, a, A > 0 such that for all
t € [to,tr],
QAT+AQ-Q+Q+Ty E+7F My, B tF MG 0
ET+TMFy ™My 0 ™™LG 0]=<0 (28)
* * [ I 1

where
T ZTFIIM“ F., +CL’QC;CHQ+/LS‘QQ, F.; =FQ+GY

TeMeon TeMeirz 0 (29)
T =|1eMo1y TG™M11G+ 1, My — Al 0
0 0 —au+ AR

Proof. Using local multiplier matrices and because V (7(¢)) is not an explicit function of ¢, we can rewrite the condition
in (23) as
-
h h
w w

l Me I ‘/: l > 0, ||C,u’7(t)|| = M > 0, ”e(n(t))” < S(t)lln(t)|| +l([)’

V() +V(n(t) <0, Vie|t.tr],

(30)
e

We

for some M € My g and M, € M F.E0, Expanding this condition in terms of the closed-loop system l| leads to

- )
n ATQ '+ 'A-07'00'+0" Q'E Q7'B||n
W ETQ"! 0 0 [|w]|=<o0
[We BTQ™! 0 0 We

for all , w and w, that satisfy
T

n| |Fg M Fer Ii:lMllg Fo Mp|(n Y M .
e| |G"MuFa G'MiG G'Mp||e| =0, lw M“Tl Mmj lw >0
w M, Fey MG My | |w € ez Men]|Te
31)
2 "[s1 0 o )
7| s n
['17 C‘TOC" 0 '17 >0, |e| [0 -1 oflel=0
H il o o R||1

where A = A+ BK and F,; = F + GK. By using the S-procedure, the last condition holds if and only if there exists
scalars 7 > 0, @ > 0 and A > 0 such that

ATQ'+Q'A-Q'QQ!'+Q '+t Q'E+7FIMp Q7'B tFIMuG 0

ETQ ' +TM[,Fy TM 0 ™G 0 ]=0 (32)
* * [ Ty ]
where
TeMeoo TeMe-lrz 0
Ty =7 FiMyy Fe+aCiCu+asl, Tr=|teMeiy TGTM\G +TeMeyy — Al 0 (33)
0 0 —au+ AR
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Pre- and post-multiplying by diag{Q, I, I, I}, will complete the proof.

4. Feasibility of Quadratic Funnel in Presence of Measurement Noise

We now discuss the conditions that are required for a quadratic funnel to be contained in a given feasible region.
As it was discussed in [[16], the goal is to find the "maximum quadratic funnel”, denoted by Fax, that satisfies state
and control constraints. Suppose that X7 € R™ and U# C R™ are the (possibly nonconvex) feasible subsets of
the state-and-control space. We assume that the nominal trajectory satisfies ¥ € int X¢& and &4 € int U, or, in
words, the nominal trajectory lies in the strict interior of the two corresponding feasible subsets. This assumption is
necessary to avoid degenerate solutions during funnel synthesis procedure. Note that, this assumption does not preclude
nominal trajectories that activate a constraint; it merely suggests that the constraint sets used for funnel synthesis are
slightly more relaxed than those imposed during nominal trajectory synthesis, if necessary. This can be easily done by
inflation/deflation of the feasibility subsets. Also, the set that determines the maximum size of the funnel at the final
time ¢ = t, is denoted by X ; C R . Then, the maximum quadratic funnel satisfies

Tmax = 8Qmax X SRIHBX and 8Qmax g X?’ SRmax g %IT (34)

where Qmax € Sﬁi and Rpax € Sfi. The, inclusion in the terminal set X;: can be guaranteed by ensuring that

EQmu € XSJ:. whent =1;.

To compute the matrix Qmax at any time ¢ < fr, we seek to find the best quasi-polytopic approximation of X in the
vicinity of the nominal trajectory. To this end, following the analysis presented in [[16], we assume that the set X can
be expressed as

X?:{x | hi(-x) So’lz 1""7mX7||-x||2 Sxmax} (35)

and the quasi-polytopic approximation of X is

Pr={xlajx<bi,i=1....m}0{x|llxll2 < xmax} (36)

where the data {qa;, bi}:-ixl are first-order approximations to the functions /#; computed using either direct linearization
along the nominal trajectory, or by using a project-and-linearize technique if any %; is a concave function [25]. Note
that, if the state constraints /; are all affine then X# = P5. The matrix Qnax is then computed as the maximum volume
ellipsoid so that

X®EQ,, CPx C Xy 37

where @ denotes the Minkowski sum of a vector and set, and so the term X @ Eg,, is equivalent to the ellipsoid defined
by Omax centered at the vector . The assumption that x lies in the strict interior of X ensures that Qp,x describes a
full n, -dimensional ellipsoid.
Using techniques described in [21]], we can write the condition for any time ¢ € [to, tf] as the following
optimization problem:
rln/fx (1) = argmax logdet Z
z
st |Zai(0)|ls +a] %(1) < bi(r), i=1,...,my, (38)
0<Z < xmaxIy, -

When r = t7 , a set of conditions can be added to constrain &g, € X ; By assuming that the set X, ;ﬁ. can be described
in the same way as that of X, this set of constraints is identical to those that are shown in (38), albeit calculated using
the data corresponding to X ; The matrices Ryax can be computed analogously

Recall that, a quadratic funnel is defined by the (possibly time-varying) ellipsoids &g and Ek g, k7. Further, note
that we derived the convex feasible subsets (defined by Qmax and Rpax) for the state and control inputs. A sufficient
condition to ensure that a quadratic funnel is fully contained within the original feasible domain defined by X and U#
is

SQ C SQmax and SKQ),KT c SRmax' 39)

1See [16] for more details.

10
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By using the definition of an ellipsoid (9), one can show that these conditions are equivalent to

0 < QOmaxx and KQyKT < Rimax (40)

The former is affine in the variable O, whereas the latter is not jointly convex in the variables Q and K. By Theorem[ﬂ_f]
and using a Schur complement, we can rewrite the second matrix inequality in (0) to be

(1+s(1+p)20"' KT

l+s(1+p))> KOKT <R
( (1+p))” KQ max X R,

>0 41)

Pre- and post-multiplying by diag{Q, I} the feasibility condition for the control input becomes

(I+s(l+p)72Q YT
Y Rmax

>0 (42)

Together, the constraints Q < Qmax and ensure that a quadratic funnel is contained in the feasible region defined
by X¢and Uy.
We are now in a position to layout the performance guarantee of the presented vision-based controller synthesis.

Theorem 6. Define the regions of the state space within which the sensing is reliable as described in (I0). Then,if the
feasible state space X¢ describing the quadratic funnel F lies within the safe set X, (X(t)), then the perception error
remains bounded and the closed loop trajectories defined by the maximum quadratic funnel Frax lie within X (X(1)).

Proof. If Xy C X, (X(1)), then by the invariance of the quadratic funnel Ep C X, (X()). Moreover, by Lemma for
all x(¢) € &p, the perception error remains bounded, i.e. e(57(z)) < s(2)|In(0)|| + (). O

D. The Quadratic Funnel Synthesis Problem
In this section, we combine the properties of the quadratic funnel and pose a single optimization problem. The
quadratic funnel synthesis problem for the nonlinear system (8) with perception error is summarized in Problem I]

Problem 1. (Quadratic Funnel Synthesis). Given a nominal trajectory {x(7), Li(t)};f:,0 that satisfies the nonlinear dynam-
ics (2)), an appropriate definition of the system (8), find the matrix-valued functions of time Q(z), Y (¢), K (1), M (1), M,(t)
and scalars 7(7), 7. (t), @(t) and A(¢) that solve the following optimization problem, for ¢ € [to, ty ] .

max logdet Q (t 43a
Q)Y (),K(),M(-),M(), g Q (o) (432)
7(+),7e (), a(+),(+)
subject to 0<=0=<0nux,0<7,0<7,0<a, 054, Me My, M, € M(;’SQ (43b)
[ QAT+AQ-Q+Q+T; E+7F My, B tF ,M;;G 0
ET+TMFy ™)) 0 ™™L,G 0]=<0, (430)
| * * [ I 1
[(1+5(1+p)2 YT
(L+s(1+p)7Q o .
Y Rmax

The matrices 7} and 75 are given by 29), and F.; = FQ + GY.

A quadratic funnel obtained by solving Problem [I]can be used to generate a feasible trajectory in the following
manner. Let X (¢p) be the initial condition of the reference state trajectory. For any initial condition x (#p) such that
x (to) — X (to) € E(yy), the state and control vectors are defined as

u(t) =u(t) + K(t) y(r), (44a)

x(1) = x (10) + / Fle(m),u(m)dr, (44b)

and will satisfy n =x — ¥ € g and € =u — it = Ky € Egg k. forall t € [to, 17 |. The feasibility with respect to the
constraint sets X¢ and U¢ then follows. Notice that dynamic feasibility follows from by construction, and the
control u is guaranteed to be stabilizing for the original nonlinear dynamics.

11
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I1I. The Solution Strategy

Problem [I]is a nonlinear, nonconvex optimization problem with matrix variables. The main difficulty in solving
Problem [I]lies in the fact that it is not possible (to the best of our knowledge) to express as a linear DMI in the
problem’s variables. Moreover, the inclusion M € Mgy o and M, € M .60, Can at best be approximated. In this
section we will provide a solution strategy to solve the optimization presented in Problem ]

Since a direct solution of Problem|T]is not possible in general, we use the iterative method presented in [16]. This
iterative method uses the following observation: if we fix the variables {Q(?), Y (), K(t), 7(t), 7. (t), a(t), A(t)}, then
Problem I is convex in M and M, provided we have an appropriate description of the convex cone My o and M ;
conversely, for fixed M and M., Problem [I]is convex in the variables {Q(1),Y (¢), K (1), 7(1), 7. (2), (1), /l(t)} A
natural and common technique is to alternate between fixing one set of variables and solving for the other.

Finally, the nomenclature " y -iteration" comes from the fact that the matrix

0 - @

Y2l 0 l

is a valid local multiplier matrix if y and . are local Lipschitz constants for the nonlinear functions ¢ over the set My o
and 5 over the set My g, , respectively. By solving for y and ., we may easily construct local multiplier matrices
that can be used to obtain a new iterate for the variables {Q(?),Y (¢), K(t), 7(t), 7. (1), a(t), A(¢) }. We now discuss a
strategy to compute 7y for an arbitrary nonlinear function and sets.

A. The M-Problem
The M-problem is the subproblem that is obtained by fixing the variables {Q (1), Y (¢), K(t), 7(t), 1. (¢), a(t), A(¢)}
in Problemm The quadratic inequality @I) under the assumption that M = M,, becomes

wiw <y’h"h = |wl < yllhl2 (46)

By introducing a matrix A € R™ " we can then write w = Ak and ||Al|> < 7 in place of the nonlinear function ¢ in
. The same procedure is applied for |i We introduce matrix A, € R"™>*", and replace the nonlinear function ¢ in
with w, = Ace and ||A.||2 < .. We can rewrite the closed-loop formation as

= (A+BK+EA(F+GK))n+ (EAG + BA,)e, (47)
where

Al <7, llAell2 < ve

To compute, or estimate, the value of y and y, we follow the sampling procedure introduced in [[L6]. We would like to
find the points 7 € Ep and e € &g, that corresponds to the largest value of ||Al|> and ||A.||2, respectively. In our quest
to find the most non-conservative local Lipschitz constants, we attempt to use the dependency of the perception error
e(n) on n during sampling. To this end at each discretized temporal point t, we spatially sample a set of Ny states from
the state-funnel Eg ;) denoted by {ns} with s denoting the spatial iterator. For each 75, the perception error e(7) is
then sampled from &y, .

At time ¢, given each 75, we define the inner optimization problem

,17

L(,) = min (1Al + (1Al s
st 75— (A®t) + BO)K (1) 15 = EA(F + GK ()15 + (EAG + B(1)A,) e(n15)

Using
xg =%(t) +ng, ys=ns+e(ms), & =K(@)ys, and us=i(t)+&,

we can compute the followings at each temporal point ¢:

(A+BK), (F+GK), ng=f(xsus)— f(X, i)

12
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This inner problem is the key component that allows us to be as non-conservative as possible in our search for local
Lipschitz constants. We denote its solution as

L(ns) = 1A () ll2 + 1A (75) 12 (49)

where A*(n,) and A (15) represent the minimizers of , i.e., the “smallest” matrices satisfying the nonlinear equations
of the dynamic model at each 7. The local Lipschitz constants (y, y.) are then computed at each temporal point ¢:

y@) = 1A (" (D, e = [[AL " 1) (50)

where
(1) =arg max_ T(p) (51)
ne{ns}

The outer optimization problem (51)) is selecting the sample 7, that produces the maximum value of the inner
optimization problem across the Ny samples.

This spatiotemporal sampling procedure has been observed to be accurate enough for practical problems with a
reasonable number of points Ny (typically on the order of 10* or 10* for an entire trajectory). Note that because it is
possible to solve N independent optimization problems, each of which is quite small, this sampling procedure can be
done very quickly and is parallelizable.

B. The Q-Problem
We now describe the Q-problem, which is the subproblem that is obtained by fixing the local multiplier matrices M
and M, in Problem[I]and solving for the variables {Q (), Y (1), 7(t), . (t), (), A() }.

Theorem 7. For fixed multiplier matrices M and M., the output controller ¢ = K(t)y(t) satisfies the conditions in
if and only if there exists Q > 0, Y € R"™*"™ and scalars T, 7., @, A > 0 such that for all t € [ty, 1],

QAT+AQ-Q+Q+BY+Y'BT Tj

<0, y?A-% <0, Ra-ud<O0 (52)
* n

where

F,=FQ+GY, T;= [?E B yF, QC] sQ], Ty = diag{~%1, ~%,1, -1, —al, -}  (53)

Proof. Consider the differential matrix inequality (43c). Due to the form of the local multiplier matrix M, in @5)), we
know that M;; > 0. In this case, the matrix inequality is equivalent to AR — au < 0 and the following

QAT(N+A(NQ-Q+Q fo’ o
+B()Y +YTBT (1) |+, |GD]vFa 0 0 5G|+ (33'1* ](01)[ CuQ Opas |+ sg }(u)[ $Q 0 | =0
% 75 b X X
yGT
where
i = [E B o], T = diag{~71, ~7el, y2tel — AL}

If E and B # 0 then we must have 7, 7., 4, @ > 0. Hence we can use a Schur complement to arrive at the equivalent
condition ’
QAT () +A(1)Q-Q+Q

+B(1)Y +YTBT (1) 7| <0, Y21l —AI <0
! 7
where
7i=|E B F, QCi sQ|.  Tai=diag(-tl, -z.l, ~r"'1, —a”'1, -1}
Let7:= 7', 7, ;= 7;', @ := ' and 1 := 217", Pre- and post-multiplying the above matrix-inequality by

-
diag{/l, 7, 7., I, I, I} gives the proof.
O

13
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The continuous-time Q-problem is summarized below in Problem 2. It is assumed that a nominal trajectory and
system definition are all given.

Problem 2. (Q-Problem). Given local multiplier matrices M € My o and M, € M #.60, find the matrix-valued

functions of time Q(¢), Y (¢) and scalars 7(z), 7, (1), @(z), A(¢) that solve the following optimization problem

max logdet Q (tp) (54a)
T(1),Te (1), @(1),A(1),
0().Y (")
subject to 0= 0 = Oma 0<7(1), 0<7T(r), 0<a(r), 0<A0), (54b)
y2A-7, <0, RA—pl<0 (54¢)
AT + AQ - C BY+Y BT T
QA"+A4Q-Q+Q+BY+ <0 (54d)
* Ty
1 1 -2 \'d
(I+s(1+p)"Q .0 (540)
Y Rmax

where T3 and Ty are defined in (53)).

In order to solve the Q-problem numerically, we make the following assumption regarding the continuous-time
problem data.

Assumption 8. Let M (t) denote any of the matrices Q(t), Omax (1), Y (¢), Rmax (2), A(t) or B(t). We assume that M (t)
can be expressed or approximated as the convex combination

M(t) = Z o (H)M; (55)
i=1

for some integer ny; > 1, constant matrices M;, and interpolating functions o;(t) > 0 such that Zl":"f oi(t)=1.

By using the temporal matrix decomposition methods discussed in [16], the DMI in (54d) can be written as a set of
%nM (npr + 1) LMIs. These LMIs constitute a set of sufficient conditions for the satisfaction of the DMI 1} The
constraints (54d) can be written as a set of LMIs by using (55) and constraining each sum and in the resulting expression
individually.

C. Algorithm Summary

Having defined the Q— and M —problems independently, we now collect them together in order to design a convergent
algorithm that is capable of solving problem[I] As it is discussed in [16], the premise of the y—iteration is that we can
decrease the upper bound, Qnax, until we are able to synthesize a funnel QO ~ Q.. We measure how close a given
solution of the Q—problem is to achieving the upper bound of Q ~ Qnax by using the fill ratio, defined by

. proj; Eo \'/?
K= min —_—
nx pro-]l SQmax

Algorithm [T] describes the y-iteration used to solve the quadratic funnel synthesis problem. For the proof of
convergence, see [[10].

(56)

IV. RCVS Control for target Tracking Problems
In this section, we present a motivating setup for vision-based navigation and control of a spacecraft where we can
showcase the performance of the perception error modeling and the robust controller synthesis developed in Section
For that, consider a target tracking problem, where the target spacecraft (so-called the target) is uncontrolled and possibly
uncooperative. Thus, by using the image sensors available on the ego spacecraft (so-called the ego), we adopt a computer
vision approach to predict target’s relative position. We used a high-fidelity astrodynamic simulator [26] along with a
photo-realistic simulator [27] to replicate the actual system. This environment emulates the space conditions in LEO. A

14
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Algorithm 1 The y-iteration designed to solve the quadratic funnel synthesis problem.

Require: A nominal trajectory {x(¢), ﬁ(t)};f:,o, the system matrices for , a tolerance «;; € (0, 1).
1: solve for Qmax and Rpax

2: set M, < Oand M,, <0

3: solve the Q-problem to get {Q©), Y} > Problem

4: update Qr(r?a)x — 0O and Yégl —Yy©®

5: fork=1,--- do

6 solve the M-problem to get M.ﬁk) and M;f) using {Qﬁﬁ;l), Yé{;; 1)}

7 solve the Q-problem to get {Q X, ¥ (K} using M)(,k) and M;f)

8 if k%) (1) > Kk;o; then

9

: Converged.
10: break
11: else
12 b (0% and Yk — vl > contraction step, see [16]
13: end if
14: end for
Basilisk
v . @ Image vector: z = q(x)
[ re UNREAL

Pose CNN

Controller synthesis |«——
(offline)

l X, U
Funnel synthesis
(offline)

y=p@)=x+e

Fig.4 The simulation setup developed for emulating

Fig. 3 A snapshot of the spacecraft simulation setup
showing the ego (denoted on the left with its attached
body frame) orbiting around an uncontrolled satellite
target (the white object in the middle) on a fix flyby
orbit (denoted by a green circle). The in-picture on
the right shows the target in the ego’s camera frame.

the real-world settings for applications of the proposed
machinery. The astrodynamics simulator [26] and the
developed visual simulator are replicating the actual
system with possibility of generating high-quality im-
age data. The state estimated from the image data
using the CNN module is then fed into the RCVS con-

troller module for robust feedback signal synthesis.

sample snapshot of the environment is illustrated in Figure 3] and the developed pipeline is showcased in Figure ] The
details of the CNN-based perception module and the overall space flight simulation setup can be found in [[14].

Assuming that the ego is inserted in a passive elliptical orbit around the target, the mission starts when the ego’s
camera points away from the target’s center of mass but has the target in its field of view. The goal is to drive the ego’s
attitude and angular rates such that the target’s center of mass is placed at the center of the ego’s camera frame. Thus,
herein, we lay out the attitude dynamics of the ego using a modified Rodriguez parameters approach.

To obtain ego’s attitude dynamics in the Earth fixed frame (¢g), we denote the positive definite inertial tensor
by J € R¥3 and the angular velocity by wf € R3. The torque input is denoted by # € R? and thus, the rigid-body
dynamics of the ego in the Earth fixed frame ¥, are given by:

JoFf = (JwE) x wF +uf +dgy,

where dy represents the external torque acting on the ego, which is assumed to be negligible in this setting for brevity.
Next, by using Modified Rodriguez parameters (MRP), g% = [g1 g2 ¢3]7 € R3 with gF = e.tan % (such that e is the
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unit vector denoting the axis of rotation and ¢ is the rotation angle), the attitude dynamics can be described as follows:

1-(a%)"q" E (,E\T Ey| E
d | qf l(I(— +q° (g +8(¢°) |w
A l=f<qE,wE,u> = |? 2 a") (57)
w J N (JoF) x 0F +u)
0 -93 ¢
where S(g¥) = | 4 0 *‘;l ] . Note that target pose estimation depends on both the relative orbital motion between
-q2 q

ego and target, and the attitude dynamics of ego. The relative orbital motion follows the Hill-Clohessy-Wiltshire
equations [28]] that can be solved for an exact solution. We denote the ego’s position with respect to the target’s body
frame of reference, by r = [ry, ry, r;]T € R3 . Following the Hill-Clohessy-Wiltshire equations in phase magnitude
form we have

iy = pysin(nt+ay), ¥, =py,+2pycos(nt+ay), ¥,=p,sin(nt+ay) (58)

where n = \/u/a® and a refers to the orbital radius of the target and p is the standard gravitational parameter. In ,
(ax,ay,a;) denote the semi major axes and (p,, py, p;) give the phase magnitude of the passive relative elliptical orbit.
The formulation of phase magnitude and selection of initial conditions for the ego spacecraft in the reltive elliptical orbit
have been detailed in [29]

For this problem, denote the relative states between target and ego spacecraft as x(¢) := [r, 7, ¢®, wF] T eR2,
We disregard the target’s orientation, as it is not needed for the current problem. The relative dynamics are described
using (58) and desired attitude is calculated using difference between relative target position and ego camera axis. This
desired attitude is used as reference state for the attitude dynamics defined by (57). Thus the task of the observation
module is to detect the target and determine its position in the ego’s camera frame. The camera is fixed on the ego’s
body frame facing its principal x-axis. For simplicity of presentation, we assume the ego’s body frame and its camera
frame are identical.

Along the relative dynamics, we consider a sensory observation z(t) € R™" as

z(1) = Q(x(1)) (59)

that represents the images taken at relative state x(¢). Q : R'> — R™™ is a nonlinear and potentially quite high
dimensional mapping. The CNN-based pose estimation techniques are then adopted to represent a perception map
p : R™™M 5 R3 that imperfectly recovers the relative position x(¢) in the camera frame; that is,

p(z(1)) = Cx(1) + ep (x(1)) (60)

where ¢, denotes the perception error that is dependent on the relative states. To model the perception map and study
its error characteristics, as discussed in section [[I.B] we design a nominal nonlinear controller for given initial relative
states x(0). Such nominal controller generates a nominal trajectory {x(¢), u(z)} t‘ito, depicted in Figure 5| as seen in the

ego’s camera frame. We then collect the initial training dataset Sy = {(x4, zd)}yg | from the nominal trajectory and
train the neural network]

Based on the assumption that the ego is in a fixed flyby orbit around the target, we focus our efforts on designing the
torque vector u that tracks the target position in the ego’s camera frame. Hence, starting off from the nominal trajectory

with error, we define

g"* (0| _ 4"

wE@D | [wE ()
as the tracking error and ¢ = u — i as the correction signal. Figure [6] showcases the error around the nominal trajectory
with respect to time and 7.

The matrices A and B are the partial derivatives of the attitude dynamics in (57) along the nominal trajectory, and
the parameters F, G and E are constructed using a total of four (n;, = 4) nonlinear channels to be

n() :=Cx(t) —CXx(t) = [

I3 0O3x3

I I I 0 0 0
Fo|B 3 G = 0o, o| B 3 Ona Ona|

I I3 O3x3 13 I3 I3

Iz I3

See [14] for further details regarding the neural network setup.
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Fig.5 Nominal trajectoryingreen asseeninthecam-  Fig. 6 The error profile in the neighborhood of the
era frame. For some initial condition which deviate nominal trajectory, for 7T = 50 seconds given 100
form the nominal as shown in red, we use the robust deviation samples per time stamp.

controller such that the error between the new state

and nominal given by 7 is driven to zero.

Note that for this problem n, = 6, n, = 3 and J = diag{900, 900, 900} kg m?. The quadratic funnel synthesis
problem in section [[I.D] provides a robust controller that renders a UUB closed-loop system.

Figure 7 depicts the computed quadratic funnel. In Figure@ the ellipsoid &g is projected onto each state dimension
and depicted as the shaded grey area. The red trajectories correspond to test cases for which an initial condition was
randomly (uniformly) selected from the ellipsoid E¢ (fp), and the nominal control and correction law were used to
numerically integrate the equations of motion according to @) Figure|7_5| shows the ellipsoid Eg,, projected into each
control dimension along with the corresponding control trajectories from each test case (where the first few iterations
are enlarged in Section[[V). Finally, the code to reproduce these results is available here [30].

V. Conclusions and Future Directions

We have developed a robust controller synthesis method for Vision-based Spacecraft guidance and control. The
proposed approach synthesizes a feedback signal directly from image data. Therein, we adopted a CNN as a perception
module and characterized the associated error along a nominal trajectory defined by a nonlinear controller. This nominal
trajectory is mission-specific, and accordingly, we developed a robust control synthesis procedure —building on the
invariant funnel concept. We have used the guaranteed state-dependent error bounds to synthesize a feedback signal
directly from the image data and thus close the loop with an image sensor— robustly. Finally, we have developed a
simulation environment using an astrodynamics simulator and a photo-realistic simulator to study the performance of
the proposed machinery on a target spacecraft tracking problem.

The future directions include expanding the proposed approach for multi-spacecraft formation control and
reconfiguration applications, as well as, data-driven dynamics modeling and control.
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